Suita Conjecture
and the Ohsawa-Takegoshi Extension Theorem

Zbigniew Btocki
Uniwersytet Jagiellonski, Krakéw, Poland
http://gamma.im.uj.edu.pl/ blocki

9th Pacific Rim Conference on Complex Geometry
Gunsan, Korea, July 27 — August 1, 2014



D domain in C
cp(z) :==exp (li_”?z(GD(CaZ) —log|¢ — z|)
(logarithmic capacity of C\ D w.r.t. z)

¢pldz| is an invariant metric (Suita metric)

(log cp)2z
2

CuerD‘dZ| = —
D

Suita Conjecture (1972):  Curveyjq, < —1

u_n o

e "="if D is simply connected

e “<" if D is an annulus (Suita)

e Enough to prove for D with smooth boundary
e =" on 9D if D has smooth boundary

We are essentially asking whether the curvature of the Suita metric
satisfies maximum principle.



Curvey|gz| for D = {e™® < |z| < 1} as a function

of log |z|
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CUrViog Kp),»|d=12 for D = {e™> < |z| < 1} as a function of log |z
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0z0z
Kp(z) = sup{|f(z)|*: f € O(D), / f]2d\ < 1}.
D

(logcp) =mKp  (Suita),

Therefore the Suita conjecture is equivalent to
2 < 1K,
Cp S TAp.

Surprisingly, the only sensible approach to this problem turned out to be
by several complex variables! Ohsawa (1995) observed that it is really an
extension problem: for z € D find f € O(D) such that f(z) = 1 and

/D'f‘ e )

Using the methods of the Ohsawa-Takegoshi extension theorem he
showed the estimate

Cg < Cﬂ'KD
with C = 750.

cC=2 (B., 2007)
C =1.95388... (Guan-Zhou-Zhu, 2011)



Ohsawa-Takegoshi Extension Theorem

Theorem (1987)

Q bounded pscvx domain in C", ¢ psh in Q

H complex affine subspace of C”

f holomorphic in Q' :=QnNH

Then there exists a holomorphic extension F of f to Q such that

/|F|2e—¢dA < C7r/ |flPe=%dN,
Q (o4
where C depends only on n and the diameter of .

Siu / Berndtsson (1996)
If Q c C"! x {|z,|] <1} and H = {z, = 0} then C = 4.

Problem Can we improve to C =17

B.-Y. Chen (2011) Ohsawa-Takegoshi extension theorem can be proved
using directly Hormander's estimate for J-equation!



[2-Estimates for O

Hormander (1965)

Q pscvx in C", ¢ smooth, strongly psh in Q
a=3 adz € L,oc( (), da =0

Then one can find u € L,OC(Q) with du = o and

/|u|2e*”d)\§/|a\faéwe*@d)\.
Q Q

Here |O“,?85¢ =ik @k aja, where (<p_/E) = (0%¢/02;02)71, is the
length of a w.r.t. the Kahler metric i0dy.

The estimate also makes sense for non-smooth psh ¢: instead of |25
one has to take any nonnegative H € L5 (Q) with

iaNa < Hiddp

(B., 2005).



Berndtsson (1996) B B
Q, a, ¢ as before, ¢ € PSH(Q) s.th. i0y A 9y < i00Y.
Then, if 0 < 6 < 1, one can find u € L2 _(Q) with Ju = « and

loc

4
2,0¢—¢ < 2 _ Q0= gy
/Q|u| VPN < (1_5)2/ﬂ|a|laawe dA

For 6 = 0 and ¢ = 0 the estimate is due to Donnelly-Fefferman (1982).

The constant 4/(1 — §)? was obtained in B. 2004 (originally it was
4/(5(1 — 6)?)) and is optimal for every § (B. 2012).

Berndtsson's estimate is not enough to obtain Ohsawa-Takegoshi
(it would be if it were true for § = 1).

Theorem Q, «, ¢, ¥ as ab_ove
Assume in addition that |0v)|

Then there exists u € L7 _

2 X
00y < a<1onsuppa.

(Q) solving du = a with

UP(1— (B2 Yer—edr < LTV [ 12 quegy
|ul i85y a i85y
Q Q

—/a

From this estimate one can get Ohsawa-Takegoshi and Suita with
C =1.95388... (obtained earlier by Guan-Zhou-Zhu).



Theorem €2 pscvx in C", ¢ psh in Q, a € L,20C7(071)(Q), da=0
¥ € WE2(Q) locally bounded from above, s.th.

loc
| ZZJ| <1 in Q
199 <a<1l onsuppa

Then there exists u € L2 _(Q) with du = « and

1
/|u| 1—|a¢\,88¢) e2V=¢d) < +‘f/\ 08,0 2= d\.

Remarks 1. Setting ¥ = 0 we recover the Hormander estimate.
2. This theorem also implies all previous estimates: for psh ¢, with
|8w|{)aw <landd<1setd:=p+andy =404
< (@402
Then 27,/1 @ =01 — ¢ and |81/J| 86~ T =
We will get Berndtsson's estimate W|th the constant

1++/a 4
1-Va)(l-a) (1-6)?2

For § =1 we have |5@/}|’?65$ < |(§1/J|?85w.




Theorem Q pscvx in C", ¢ pshin Q, a € L/20C,(0,1)(Q)’ da =0
¥ € WLE3(Q) locally bounded from above, s.th.

loc
| ¢| <1 in Q
199 <a<l onsuppa

Then there exists u € L2 () with Ju = a and

1
/|u| 1—|aw\,83¢) e2V=¢d) < +‘f/\ 705, 2V d\.

Proof (Some ideas going back to Berndtsson and B.-Y. Chen.)

By approximation we may assume that ¢ is smooth up to the boundary
and strongly psh, and 1 is bounded.

u minimal solution to du = a in L?(Q, e¥ %)

= u | kerdin L2(Q,e¥~%)

= v:=ue¥ | kerd in L?(Q,e %)

= v minimal solution to v = 3 := e¥(a 4 udy) in L?(Q, e ¥)

Hormander = /\v|2e75"d)\§/|ﬁ\l?65 e “d\
Q Q ’



Therefore
/|u\2e2w_“’d>\§/\a+u8_1/)\,?35¢e2w_9”d)\
Q Q
< [ (1afhs, + 201V Alaloa, + uPH) &vdx
Q

where H = |5¢|f85¢. For t > 0 we will get

/ lul?(1 — H)e*¥=?d)\
Q
. H B
g R
< (1+t >/|o<|,68¢ =P d)\

+ t/ |ul?(1 — H)e*Y~%d.
Q

We will obtain the required estimate if we take t := 1/(a~ /2 +1).



Theorem (Ohsawa-Takegoshi with optimal constant, B. 2013)

Q pscvx in C"1 x D, where 0 € D C C,

@ psh in Q, f holomorphic in Q" := QN {z, =0}

Then there exists a holomorphic extension F of f to Q such that

/|F\2 A< / |F[2edN.

Original solution of the L2-extension problem with optimal constant.
For n =1 and ¢ = 0 we obtain the Suita conjecture.

Crucial ODE Problem Find g € C%}(R,), h € CLV}(R,) s.th. K <0,
h" >0,
tln;o(g(t) +logt) = tll['go(h(t) +logt)=0

and &)
g 2g—h
<1 o >eg > 1.
Solution h(t) := —log(t+e ' —1)

)=
g(t) ;= —log(t+e " —1)+log(l—e™).



Guan-Zhou recently gave another proof of the Ohsawa-Takegoshi with
optimal constant (and obtained various generalizations) but used
essentially the same ODE with two unknowns (with essentially the same
solutions).

They also answered the following, more detailed problem posed by Suita:

Theorem (Guan-Zhou, 2013) For any Riemann surface M which is not
biholomorphic to a disc with a polar subset removed and which admits
the Green function one has strict inequality in the Suita conjecture.



Another Approach to Suita Conjecture

Ka(w) = sup{[F(w) : f € O(Q), [o|FPdA < 1}
(Bergman kernel)

Ga(:,w) = G, =sup{v € PSH=(Q), (v(z) —log |z — w|) < o0}

lim
Z—w
(pluricomplex Green function)

Theorem Assume Q is pscvx in C". Then for a> 0 and w € Q

1

Ka(w) > e \({Go(-,w) < —a})’

Optimal constant: “=" if Q = B(w, r)

For n = 1 letting a — oo this gives the Suita conjecture:




Sketch of proof Using Donnelly-Fefferman's estimate for 9 with

© =2nG,, ¢ =—log(—G,), a=0d(xoGy,)

one can prove

where

()= (14 E,.(Cnt))z, ZORY

(B. 2005). Now use the tensor power trick: Q =Q x -+ x Q C C™™,
w=(w,...,w) for m> 0. Then

Kg(w) = (Ka(w))",  A({Gw < t}) = (M{Gw < t}))",
and by (1) for Q

1
c(nm, t)/"A\({G,, < t})

KQ(W) Z

But lim c(nm,t)Y/™ = e=2,
m— 00



Proof 2 (Lempert) By Maitani-Yamaguchi / Berndtsson's result on
log-(pluri)subharmonicity of the Bergman kernel for sections of a
pseudoconvex domain it follows that log K, <+ (w) is convex for
t € (—00,0]. Therefore

t — 2nt + log K{g, <t} (W)

is convex and bounded, hence non-decreasing. It follows that

e2nt

KQ(W) > e2ntK{GW<t}(W) > m

Berndtsson-Lempert: This method can be improved to obtain the
Ohsawa-Takegoshi extension theorem with optimal constant (one has to
use Berndtsson's positivity of direct image bundles).



What happens with e 2" \({G,, < t}) as t — —oo for arbitrary n? For
convex €2 using Lempert's theory one can get

Proposition If €2 is bounded, smooth and strongly convex in C” then for
weQ
Jim e A({Gw < t}) = Al (w)),

where If(w) = {¢/(0) : ¢ € O(A,Q), »(0) = w} (Kobayashi indicatrix).

Corollary If Q C C" is convex then

For general 2 one can prove

Theorem (B.-Zwonek) If Q is bounded and hyperconvex in C" and
w € € then
im e 2"A({Gy < t}) = MG (w)),
——00
where I2(w) = {X € C" : lim¢ 0 (Gw(w + (X) — log [¢]) < 0}
(Azukawa indicatrix)



Corollary (SCV version of the Suita conjecture) If Q C C" is
pseudoconvex and w € € then

1

Kalw) = 30wy

Conjecture 1 For £ pseudoconvex and w € €2 the function
t— e 2"A\({Gy < t})
is non-decreasing in t.

It would follow if the function t — log A({ Gy, < t}) was convex on
(—00,0]. Fornass: this doesn't have to be true even for n = 1.



Theorem (B.-Zwonek) Conjecture 1 is true for n = 1.

Proof It is be enough to prove that f'(t) > 0 where
f(t) :=log\{Gw < t}) — 2t

and t is a regular value of G,. By the co-area formula

{Gy <t / /
{ } {Gu=s} ‘VG
/ do
{G,=t} ‘VGW‘ .

A{Gw < t})

and therefore

f'(t) =

By the Schwarz inequality

/ do _ (o({Gw=1}))* _ (¢({Gw
{Gu=t} VG| — / VG, |do 21
{Gu=t}

=)y



The isoperimetric inequality gives
(0({Gw = t}))* = 4nA({Gw < t})

and we obtain f’(t) > 0.

Conjecture 1 for arbitrary n is equivalent to the following pluricomplex
isoperimetric inequality for smooth strongly pseudoconvex § (then
G, € CYH(Q\ {w}), B.Guan / B., 2000)

do
> 20(Q).
/. Ve, =A@

Conjecture 1 also turns out to be closely related to the problem of
symmetrization of the complex Monge-Ampére equation.



Theorem (B.-Zwonek) For a convex Q and w € Q set

Fa(w) := (Ka(w)A(IS (w)))"".

Then Fo(w) < 4. If Q is in addition symmetric w.r.t. w then
Fo(w) <16/72 =1.621....

For convex domains Fgq is thus a biholomorphically invariant function
satisfying 1 < Fg < 4. Can we find an example with Fo(w) > 1?7 Using
Jarnicki-Pflug-Zeinstra's formula for geodesics in convex complex
ellipsoids (which is based on Lempert's theory) one can show the
following

Theorem (B.-Zwonek) Define
Q={zeC":|z|+ -+ |z, < 1}.
Then for w = (b,0,...,0), where 0 < b < 1, one has

on (L + b)?" — (1 — b)?" — 4nb

KQ(W)A(/{)((W)) =1+(1-b) 4nb(1 T b)2n
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Fa(b,0,...,0)in Q= {|z1|+---+|zy| <1} for n=12,3,...,6.

1.0



Theorem (B.-Zwonek) For m > 1/2 set Q = {|z1|*™ + |z|? < 1} and
w = (b,0), 0 < b< 1. Then

B m(l — b%) +1+ b?
Ka(w)A(I5 (w)) = 'D2(1 — b2)3(m —2)m2(m +1)(3m —2)(3m — 1)’

where
P =p°™2 (—m® 4+ 2m* + m — 2) + b*™? (=27m* + 54m* — 33m + 6)
+b°m* (3m* +2m — 1) + 6b*m* (3m® — 5m® — 4m + 4)

+ b* (—36m° 4+ 81m* + 10m> — 71m” + 32m — 4)
+2m? (9m® — 27m® + 20m — 4) .

In this domain all values of Fq are attained for (b,0), 0 < b < 1.



1.010
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1.004

1.002

0.2

Fa(b,0) in Q = {|z1]*™ + |z|?> < 1} for m = 4,8, 16,32, 64, 128.

04

0.6

sup Fq(b,0) — 1.010182. ..

0<b<1

as m — o

0.8

1.0



Thank you!



