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(M, w) compact Kahler manifold
We can write {w} ~ H/ ~, where

H={pe CM): w, :=w+dd°p > 0}
is the space of Kahler potentials, and
©p1 ~ Y2 & Y1 — P2 = const.

Riemannian structure on 7 (Mabuchi, 1987 / Donaldson, 1999)
(W)= [ net vme T = Cx(M),
where V = [, w".

Levi-Civita connection: if ¢ € C*>([0,1],H) C C*(M x [0, 1])
and 1) is a vector field along ¢ (i.e. ¥ € C>°(M x [0,1]), then

Vo = — (Vh, V),

so that — ((w, m) = (Ve,m) + ({0, Ven)).



Normalization Aubin-Yau functional / : H — R is uniquely
defined by

d
1(0)=0, —
=0 =

(o + ty) = /www,goE”H e C¥(M).
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One can show that
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Then Ho = 171(0) ~ {w} defines a natural Riemannian structure
on {w} which is independent of the choice of w.




Geodesics A curve ¢ : [0,1] — H is a geodesic if Vs = 0, that is
b= |Vel* =0
Locally write u = g + ¢, where w = dd“g. Then it is equivalent to

ij _
Uit — UJUtiUtj =0,

which is equivalent to

det (”ﬂ?) - | =o0.

This means that
(w+ ddp)™* =0,

where t = log |zp+1| (Semmes, 1992 / Donaldson, 1999).



To find a geodesic connecting ¢g, 1 € H one has to solve HCMA
(w+ ddp)" =0

in M x {0 <log|z,+1| < 1} with boundary condition.

Donaldson Conjecture, 1999: Every g, o1 € H can be joined
by a smooth geodesic.

Consequence: uniqueness of constant scalar curvature (csc)
metrics up to holomorphic automorphisms

X.X. Chen, 2000: There exists unique, weak (w + dd“p > 0),
almost C1! (Ayp € L) geodesic.

Lempert-Vivas, 2013: A geodesic need not be C3.
Darvas-Lempert, 2012: A geodesic need not be C2.
Remaining question: Are geodesics fully C11?

B., 2012: If bisec(M) > 0 then geodesics are C1.



Theorem Assume that (M, w) is a compact Kahler manifold with
boundary (possibly empty). Let p € C*(M) be such that w, > 0
and wy, = fw". Then

V2 < C,
where C depends only on upper bounds for n, |R|, |VR], |¢|,
[Vl Ay, ) |V(f1/2M)| and a lower
positive bound for f. If M has nonnegative bisectional curvature
then the estimate is independent of the latter.

Sketch of proof a := |V2p| + |V¢|? — Ap, where
V26l = pax <VX‘Z§’ X)
and A > 0. « attains max for some xp € M and X € T,;M.
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also attains max at xg but is smooth! Then
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Weak Solutions to CMA

Kotodziej, 1998 Let (M, w) be the compact Kahler manifold. If
f € LP(M) for some p > 1 is such that f > 0 and [,, fw" = [, w"
then there exists unique (up to an additive constant) ¢ € C(M)
such that w, > 0 and

wy = fw".
Yau, 1978: f >0, f € C* = p e C*
B., 2002: f >0, fY/(=1) e CLl = Ape L™

B., 2009: f >0, fi/ne CO = e CO!

bisec(M) >0, f >0, f/"e CVt = e C11



Space of volume forms (Donaldson, 2010)

(M, g) compact Riemannian manifold
dVp = y/det(gj) Riemannian volume form on M, Vp = [,, dVo

V := {dV volume form on M with / dV =W}
M

Then every element of V can be written in the form
dV = (Ap +1)dVp, and V = H/ ~, where

H={pe C®(M): Ap+1>0.}
and 1 ~ @2 & Y1 — Yo = const.

Riemannian structure on H

1
(W) = [ on(+Be)dVe, ¢ € M v e T,H = (M)
Levi-Civita connection: if p € C*°([0,1],H) C C*(M x [0, 1])
and 1 is a vector field along ¢ (i.e. ¥ € C*°(M x [0,1]), then

(Vy, Vo)

VWJ}:Q’ZJ_ Ap+1



Geodesics ¢ : [0,1] — H is a geodesic if
(Ap + 1)ge — [Ver? = 0.

Chen-He, 2011: Given ¢, p1 € H, there exists unique, weak,
almost C1! geodesic connecting them.

By Darvas-Lempert we cannot expect better regularity than C2.

B.-Gu If M has nonnegative sectional curvature then geodesics are
cht.

Sketch of proof Define
a = |V2¢| + Vol + A(—¢ + £2/2).

Then « attains max for some (xp, tp) € M x (0,1) and X € T,,M.
We may assume X = e;, then

a =V + Vo2 + A(—p + t2/2).
One can show that

V11Viip=ViViig = =2R11ii(V119—Viip)—ViR1om—V1iR{iom < C.



Relation to Nahm’s equations T, T, T3 : (0,2) — U(n)

dTy
dt

dT> dTs
dt dt

Fixing B € GL(n,C), Donaldson (1984) showed that they are
equivalent to a 2nd order ODE for h(t) valued in the space of
positive Hermitian matrices H ~ GL(n, C)/U(n) which is
Euler-Lagrange for the Lagrangian

o[ (2]

where Vig(h) = Tr(hBh~1B*). He proved that given hy, hy € H
one can find unique h(t) joining them. (h(t) is a path of a particle
moving under the influence of a potential —Vj.)

= [T2, T3], = [T3, T1], =[T1, To].

+ VBU’))

If M is a Riemann surface then the space of Kahler potentials H
behaves similarly as G¢/G, where G is the group of area preserving
diffeomorphisms (although G¢ does not really exist!).



Recent developments (Székelyhidi, Tossatti-Weinkove,
Chu-Tossatti-Weinkove, Székelyhidi-Tossatti-Weinkove, ... )
Various C2-estimates

Lemma Let o be a C* function defined near xg € R". Assume that
D?¢ is diagonal at xg and @11 > ji, i > 1, there. Near xq define
A = Amax(D?¢). Then at xg we have A\ = o1, Ap = ¢11p and
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Thank you!



