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Abstract. We show that if u is a plurisubharmonic function defined on an open subset  of C?
then the Monge-Ampére measure (ddu)* can be well defined if and only if u belongs to the
Sobolev space WIL’CZ(Q).

1. Introduction

The complex Monge-Ampére operator for a smooth plurisubharmonic (shortly
psh) function u defined on an open subset of C” is given by

9%u

ddw)" =ddun---ANddu = 4"n! det(

)da,

3zj82k
where d = 8 + 3, d° := i(d — d) and dX is the volume form. By an example due
to Shiffman and Taylor (see Siu [10]) the Monge-Ampere operator cannot be well
defined as a nonnegative Radon measure for an arbitrary psh function. A simpler
example was given by Kiselman [8]: for z near the origin in C" he defined

u(z) := (=loglzi D" (|22l + - + 1zal* = D).

Then u is psh near the origin, smooth if z; # 0 but (dd“u)” is not integrable near
{z1 =0}

On the other hand, as shown by Bedford and Taylor [3], (dd“u)" can be well
defined if u is psh and locally bounded. By Demailly [7] it is enough to assume
that the set where u is not locally bounded is relatively compact in the domain of
definition. In both cases the operator is continuous under decreasing sequences
(with weak* topology of Radon measures). It is therefore natural to define the
class D(2) of psh functions in an open 2 C C”, for which the complex Monge-
Ampere operator can be well defined, as follows: a psh function u belongs to
D() if there exists a nonnegative Radon measure v on 2 such that if Q' C Q
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is open and a sequence u; € PSH N C*™(Q') decreases to u in Q' then (dd‘u;)"
tends weakly to  in €'. The Monge-Ampére measure p we then denote by M ().

It is clear that the definition is purely local and that if Q' ¢ Q c C" are
open, u € D(L2), then also u|gy € D(Q') and M (u|qr) = M (u)|q. It follows in
particular that the functions from the Shiffman-Taylor and Kiselman examples do
not belong to D.

Of course, if n = 1 then all subharmonic functions belong to D. The goal of
this paper is to give a complete description of the class D if n = 2. We namely
show the following result.

Theorem 1.1. If Q is an open subset of C* then D(2) = PSH N Wl’z(Q).

loc

Note that in the Kiselman example one has u € le’f if and only if n > 3, so
the above characterization does not hold in this case.

The fact that the operator (dd®)? can be well defined foru € PSHN W,L’Cz (),
Q open in C?, is in fact very simple: note that integration by parts gives

/ng(ddcu)z = —/Qdu ANdunddp, ¢ e CP(Q), (1.1)

if u is smooth and the right hand-side makes sense if u € PSH N Wllo’c2 (£2). This
was done already by Bedford and Taylor [2] who in particular solved a Dirichlet
problem related to this class. One of the main difficulties for us was to show the
continuity of (dd€)? in this class for decreasing sequences.

One of the consequences of Theorem 1.1 and Theorem 3.3 below is the fol-
lowing property.

Theorem 1.2. If Q is open in C?, u € D(Q) and v € PSH () is such thatu < v
then v € D(Q).

We conjecture that this property holds also in C* for n > 3.

In the author’s paper [4] it was conjectured that all locally maximal psh func-
tions are maximal. (Recall thatu € PSH (R2), 2 open in C", is called maximal in
Qifv e PSH(Q2),{v > u} € Qimplies that {v > u} = J.) Combining Theorem
1.1 with Proposition 2.2 below gives a partial answer to this problem.

Theorem 1.3. If u is a WZL‘Cz psh function defined on an open subset of C? then it
is maximal if and only if it is locally maximal.

This paper was in part motivated by Cegrell’s recent paper [6]. In Section 4
we present consequences of our results for the class £ defined by Cegrell [6].
2. The class D in C"

Proposition 2.1. Let Q be an open subset of C". If u; € D(RQ) is a sequence
decreasing to u € D(2) then M (u ;) tends weakly to M (u).
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Proof. Choose a test function ¢ € C3°(€2) with support contained in an open
Q' € Q. We may assume that the regularizations u’; = uj * p1/i are defined in
. Since for every fixed j the sequence u’j‘ is decreasing to u ; and M (u’;) tends
weakly to M (u;), we can find an increasing sequence k() such that

’fwM(u'}”)) - fQ<pM(uj)’ <1 @2.1)
i =l < 4, (2.2)
iV <l TV + L in@ 2.3)

J
Set
=1
k() } :
Uj = Mj + l_2
I=j+1

By (2.3) v; is decreasing. From (2.2) we get

1
lvj = ujllLre <—+)»(Q) Z ——>0
lj+1

and thus v; converges to u in &'. From the definition of D(L2) it now follows that

/wauszMwww»/wa
Q Q ’ Q

and from (2.1) we obtain

/(pM(uﬂ—)/(pM(u). a
Q Q

The next result characterizes maximal functions belonging to D. For locally
bounded u it follows from the results due to Bedford and Taylor [1], [3].

Proposition 2.2. Let u € D(2), Q open in C". Then u is maximal in Q if and
only if M(u) = 0.

Proof. If M(u) = 0 and u; := u * p;;; then M(u;) tends weakly to 0, by the
definition of D. By [4, Theorem 4.4] (see also Sadullaev [9] for the case when 2
is pseudoconvex) it follows that # is maximal. On the other hand, assume that u
is maximal and that B € B’ € Q2 are open balls. It follows for example from [4,
Proposition 4.1] that the Perron-Bremermann envelopes

=sup{v € PSH(B') : v <ujin B\ B}

satisfy v; € PSH N C(B’) (by Walsh [11]), v; = u; in B"\ B, v; is maximal in
B and v; is decreasing to u in B’. By Bedford-Taylor’s solution of the Dirichlet
problem [1] we have M (v;) = 0 in B and by Proposition 2.1 we conclude that
M(u) =0in B. O
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3. The Monge-Ampére operator in C>

Foru e PSHN Wloc the measure (dd“u)? is well defined by (1.1). This formula

also easily gives the following estimate.

Proposition 3.1. Letu € PSH N W'2(Q), Q open in C?. Then

Q' eq. O

Q/(dd“uf < C(Q, DIIVullf g,

It is also easy to prove that the operator (dd€)? is continuous under sequences
converging in Wli’cz .

Proposition 3.2. If u; is a sequence of W2 psh functions defined on an open
subset Q of C* converging to a psh u in the W'2(Q2) norm then (dd"uj)2 tends
weakly to (dd‘u)?.

Proof. For ¢ € C;°(2) we have

go(da'cuj)2 — / o(ddu)?| = odd(uj —u) Ndd(u; +u)
Q Q Q

12
C (/ |V (u; — u)|2dk> ,
Q

where C is independent of . O

duj —u) Nd“(uj +u) ANddp| <
Q

In order to show that (dd€)? is continuous also under decreasing sequences
we need the following estimate for subharmonic functions.

Theorem 3.3. Let Q be an open subset of R™. Suppose that u € W'2(Q) is a
negative subharmonic function in Q2. Then for every subharmonic function v in Q
satisfying u < v < 0 we have v € WLA(Q) and

loc
[IVVll 2y < C(R, Q) (||M||L2(sz) + ||VM||L2(Q)) , Qeq.

Proof. After regularizing u and v we may assume thatu, v, Q, Q' are C*° smooth,
Q is bounded and that u, v are defined in a neighborhood of Q. Solving the
Dirichlet problem in €2\ €’ we obtain subharmonic functions #, ¥ in €2, contin-
uous on €2, harmonic in 2\ Q" and such that 7 =V =00n dQ, 7 = u, v = v
on . The functions i, ¥ are smooth on Q \ Q' and they belong to C% 1(Q).
Integration by parts gives

/|Vﬁ|2dk—/ |Vi7|2dA:/(V(ﬁ—'ﬁ),V(ﬁ+m)dk
Q Q Q
=/(’5—5)A(Zi+if) > 0.
Q
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Therefore

/ |Vv|2dk§/ |V’17|2dA5/ |V |2dA
Q Q Q

:/ |Vu|2dk+/ |V 2d. (3.1
Q Q\Q

Letp € C;°(€2) be such that 0 < ¢ < 1 and ¢ = 1 in aneighborhood of Q'. Then

~ ou ou ~
/ \ViT|2dA =/ il 4o =/ ouLdo :/ (V(qu), ViD)dA
Q\& A(Q\Q) on A(Q\Q) on Q\&

1/2 1/2
< (f |V(<pu)|2d,\) (/ |Vﬁ|2dk) .
Q\Q/ Q\Q

Combining this with (3.1) we easily get the required estimate. O

We do not know if every sequence of subharmonic functions in open 2 C R”
decreasing to a W!2(€2) subharmonic function converges also in the W2 ()
norm. This would immediately imply the next result.

Theorem 3.4. Assume that u ; is a decreasing sequence of psh functions defined
in an open subset of C* decreasing tou € PSH N le’f .Thenu; € Wﬁ)’f and
(dd"uj)2 tends weakly to (dd‘u)?.

Proof. The first part follows from Theorem 3.3. By Proposition 2.1 we may
assume that u; are continuous and negative. Let By € B, be concentric open
balls in C?. We may assume that u; are defined in a neighborhood of B, and
negative there.

For a negative v € PSH (2) we set

v:=sup{w € PSH(By) : w < 0in By, w < vin By}.

It follows easily that v € PSH(B,), v < 0in B, v = v in By, ¥ is maximal in
By \ B,.Ifv ;j is a sequence of negative psh functions in B, decreasing to v then
; is decreasing to V. Moreover, by Walsh [11] if v is continuous on B then 7' is
continuous on B, and ¥ = 0 on 9 B,.

By Theorem 3.3 and Proposition 3.1 we have

(ddu;)* = | (ddu;)* <C, (3.2)
B> B

where C is independent of j. Theorem 3.4 will follow from Cegrell [6, Theorem
4.2] (because ¥ € F(By) and u; = u; in B;) combined with Proposition 3.2
applied to the regularizations of u. We will repeat Cegrell’s argument for the
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convenience of the reader. Take ¥ € PSH(B,) N C(B,) with ¥ = 0 on 9B,.
Integrating by parts we get

vy =

B>

ﬁjddcw A ddcﬁj > / ’I:tdj_;_lddclﬂ A ddc’l:ij

By By

= / ’I:[jddclﬂ AN ddc;[j+l = / ﬁj+]ddcl/f A\ ddc’ﬁj+1
By By
= | Y@du;)
B
It follows that the sequence | 5 Y (ddu j)2 is decreasing and by (3.2) it converges
tosome a € R. If v; € PSH N C(B,) is another sequence decreasing to u in B,
then, by the same argument, | B 1/f(ddc’17j)2 converges to some b € R. Fix e > 0.

For every j we can find k() such that for every k > k(j) one has uy < v; +¢in
B;. Then

sz(uk—s)zﬁk—i—(/—\s/):ﬁk-f-d/—\]/) in Bj.

Integrating by parts as before and using the superadditivity of the operator (dd¢)?
we get

Y(ddT;)? > | y(dd (@, + e(—1)))>
By By

> | Y(dduy)* — e*C(By, By, ¥).
By

From this it easily follows that b > a and in the same way we get the reverse
inequality. Choose v; := u *x py/;, the classical regularizations of u. For ¢ €

Cy°(B1) we can easily find ¥y, Y, € PSH(By) N C*®(B») such that ¢ = | — Y,
in B, and ¥; = ¥, = 0 on d B,. Therefore by Proposition 3.1

/ p(ddv)* = lim | @(ddv;)*
B

j—o0 B
= lim [ ¥1(ddV;)* — lim | ¥»(ddv))*
j—o00 B, Jj—00 By

= lim | ¥i(ddu;)* — lim | Yo(ddu;)?
j—o0o

j*)OO BZ B2

= lim [ @(dd‘u;)*. O

Jj—o00 B

Theorem 3.4 (applied for smooth u;) implies that PSH N Wllo’c2 C Din
Theorem 1.1. The reverse inclusion follows from the next result.
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Theorem 3.5. Assume that Q is an open subset of C> andu € PSH (Q)\ Wllo’f (£2).
Then one can find open balls By € B, € 2 and a sequence u; € PSH(B;) N
C(B>) decreasing to u on B, such that

lim | (dd“u;)* = occ.

]*)OO B]

Proof. Let By € B, € B3 €  be open balls such that u ¢ W'2(B). Let
v; € PSH(B3) N C(Bg) be a sequence decreasing to u on Bs. We may assume
that

sup/ (ddv;)* < oo, (3.3)
j JB

since otherwise we are done. For every j we can find increasing k = k(j) > j
such that

IV(v; — ) Pdr > . (3.4)
B

We then set
=sup{v € PSH(B) : v < v;in By, v < v in By}.

By h; denote the harmonic function in B; \ ‘B, continuous on B, \ B; with
h; =vondByand h; = v; on dB;. Then, if

~ on B —

Rp={t N2 e c@By),

hj on Bz \ B]
we have
= sup{v € PSH(By) : v < h;}.

By Walsh [11] the function u ; is continuous on B; and we easily show thatitis con-
tinuously extendable to B». We thus have u; € PSH(B)N C(By), v < u; < v
on B», uj =y on B, and u; = v; on 0 B;.

We claim that we also have

(ddu;)* < (ddv;)* in B, \ B). (3.5)

Indeed, onthe set {u; < v;} N (B, \ B)) the function uj is maximal and thus (3.5)
holds there. Take a compact K C {u; = v;} N (B> \ By). Thenfore > 0

/ (ddu;)?* = / (dd° max{u; + &, v;})*
K K

and (3.5) follows from the weak convergence (dd‘ max{u ; +e¢, vj})2 — (dalcvj)2
ase — 0.
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Set ¥ (z) := |z — z0|> — R?, where zq is the center of B, and R is its radius.
By (3.4) and (3.5) we then have

4] <4 |V(Uj—Uk)|2d)\.:/ d(vj—uj)/\dc(vj—uj)/\ddclﬁ
By B

= (l)j — Mj)ddc(l/tj — Uj) A ddcw < (Uj — uj)ddcuj AN ddcw

By By
= Ydduj Ndd“(v; —uj) < Iglfl(dafcuj)2
B> By
< R? (/ (ddcuj)z-l-/ (ddcvj)2>.
El BZ\EI
It is now sufficient to use (3.3). O

4. The class £ in C2

If Q is a bounded hyperconvex domain in C" (this means that there exists a
negative psh u in  such that lim,_, 3o u(z) = 0) then following Cegrell [6] by
£(2) we denote the class of plurisubharmonic functions in €2 such that for every
zo €  there exists a neighborhood U &€ €2 of z and a decreasing sequence u
of negative locally bounded psh functions in €2 such that u; converges to u in U,
lim; 5o u;(z) = 0 and sup; fQ(ddCuj)” < 00. The following result shows in
particular that in C? this definition is local. One can also apply it to the examples
given by Cegrell in [5].

Theorem 4.1. If Q is a bounded hyperconvex domain in C? then
EQ)={uePSHNWLX Q) :u < 0).

Proof. First take u € £(K2). By Cegrell [6, Theorem 2.1] the functions u; in
the definition of £(£2) can be chosen to be continuous on Q. Moreover, we may
assume that (dd‘u;)> = 0in Q \ U. Let ¥ € PSH() N C(Q) be such that
¥ =0ondQ and dd°y > dd°|z|*> in U. Then

4/ |Vuj|2dA§/duj/\dcuj/\ddcw=/ l¥|(ddu;)* < C
B Q Q

and thus u € W'3(Q).

loc

On the other hand, letu € PSH N Wll(;c2 (£2) be negative. Again by Cegrell [6,

Theorem 2.1] we can find a sequence v; € PSH(S2) N C() decreasing to u in
2, vanishing on d€2. For a fixed open ball B € Q2 set

vj:={ve PSH(Q):v<0inQ, v <v;in B}.
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Then v; decreases to a psh ' > u in Q. By the results of Section 3 the sequence
of measures (dcllciTj)2 is weakly convergent in €2 and since they are supported

on B we get sup; [o(ddV;)* < oo. But T; = u; decreases to u in B, thus
u € E(Q). a
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