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THE DOMAIN OF DEFINITION OF THE
COMPLEX MONGE-AMPERE OPERATOR

By ZBIGNIEW BLroCKI1

Abstract. We give a precise characterization of those plurisubharmonic functions for which one can
well define the Monge-Ampere operator as a regular Borel measure.

1. Introduction. For a smooth plurisubharmonic (shortly psh) function u
the complex Monge-Ampere operator is given by

: : . 0?
(1.1) (dd‘w)" =ddu N --- N\ddu=4"n!det < 2 > dA,
0zj0%x

where d = 0 + 0, d° = i(0 — ) (so that dd = 2i00) and d\ denotes the volume
form. It was first shown by Shiffman and Taylor (see [16]) that one cannot well
define (dd“u)" as a regular Borel measure for arbitrary psh u if n > 2. This
example was simplified by Kiselman [15]: the function

u(z) = (—log |z ])1/"(\@\2 +...+ ]zn]2 -1

is psh near the origin, smooth away from the hyperplane z; = 0 but the mass of
(dd°u)" is unbounded near z; = 0.

On the other hand, as shown by Bedford and Taylor [3] (see also [10] and
[1]) one can well define (dd“w)" if u is psh and locally bounded. Moreover,
this definition is continuous under decreasing sequences in PSH N Ly, (with
weak™ topology of measures). Demailly [11] (see also [12-14]) extended this
to psh functions locally bounded away from a compact set. One thing which
distinguishes the unbounded case from the bounded one is non-uniqueness of the
Dirichlet problem (see [1, p. 16]).

The choice of monotone sequences for considering continuity of the complex
Monge-Ampere operator is also motivated by the following fact: it follows from
an example due to Cegrell [6] that one can find a sequence u; € PSH N C™
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converging to u € PSHN C™ in L} _for every p < co and such that the Monge-
Ampere measures of u; are weakly divergent. Cegrell [7] considered also the
following example

u(z) = 2loglzi - - - Zuls
uiz) = log(|z1 ... za* + 1/)),
u(2) = log(|zi* + 1/j) + - - - +log (|zu]* + 1/)).

One can show that on one hand (dd“u;)" tends weakly to 0, whereas (dd‘v)"
converges to n!4"6y, where g is the point mass at the origin. We thus have two
decreasing sequences of smooth psh functions converging to u whose Monge-
Ampere measures converge to a different limit.

The main goal of this paper is to prove the following result.

THEOREM 1.1. For a negative u € PSH(Q), where Q C C" is open, the follow-
ing are equivalent

(1) There exists a measure (1 in Q such that if U C Q is open and a sequence
u; € PSH N C*°(U) is decreasing to u in U then (dd“u;)" tends weakly to i in U;

(i) For every open U C L and any sequence u; € PSH N C*°(U) decreasing
to uin U the sequence (dd“u;)" is locally weakly bounded in U;

(iii) For every open U C Q and any sequence u; € PSH N C>(U) decreasing
to u in U the sequences

(12)  |w|" P~ 2du; A d°uj A (ddu;)’ AW"P, p=0,1,...,n—2,

(w := dd®|z|? is the Kdihler form in C") are locally weakly bounded in U;

(iv) For every z € Q there exists an open neighborhood U of z in Q and a
sequence u; € PSH N C*(U) decreasing to u in U such that the sequences (1.2)
are locally weakly bounded in U.

The equivalence of (iii) and (iv) means that one has to check the local weak
boundedness of sequences (1.2) for arbitrary sequence of smooth psh functions
decreasing to u, for example the standard regularizations of u. The following
example shows that the condition on local weak boundedness of sequences (1.2)
cannot be improved.

Example. For a fixed pp =0,1,...,n— 2 set

u(z) = log(|z1[* + -+ + [zpyr1 [

ui(z) = log (|z1]* + -+ + |zpper | + 1/))-

Then near the origin the sequence (1.2) vanishes if p > pg, is weakly unbounded
for p = pp and weakly bounded for p < pyg.
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Condition (i) in Theorem 1.1 in a natural way provides the domain of defi-
nition D of the operator (dd€)". One can easily show (see [5, Proposition 2.1])
that D is the biggest subclass of the class of psh functions where the complex
Monge-Ampere operator can be defined as a regular Borel measure in such a
way that (1.1) holds for smooth functions and so that the operator is continuous
for decreasing sequences in D.

We will also show that the class D has the following property, thus answering
in the affirmative a conjecture from [5] for n > 3.

THEOREM 1.2. If Q is open in C", u € D(Q), v € PSH(Q) and u < v outside
a compact subset of Q then v € D(Q).

This implies in particular that the Monge-Ampere operator can be well defined
for psh functions that are locally bounded outside a compact set (see [11]).

Theorem 1.1 was proved in [5] for n = 2, then of course any of the conditions
(iii) and (iv) means precisely that u € PSH N Wllo’f. The thing which obviously
distinguishes this case from the general one is the lack of zero-th and second order
terms in (1.2). The fact that (dd°u)* can be well defined for u € PSHN W,lo’f is quite
simple and was already observed in [1, p.3] (see also [2]). In [5] it was shown
that the operator (dd°)* is continuous under decreasing sequences on PSH N Wllo’?.
In the proof the potential theory in R* was in fact used (see also [9] which was
a follow-up to [5]). In this paper the implication (iii)=-(i) is proved without the
use of the real potential theory (see Section 4) and thus we also obtain a different
proof of the continuity of (dd°)? for decreasing sequences.

For a bounded hyperconvex domain Q in C" (a ball is an example of a
hyperconvex domain) Cegrell [8] introduced the following class of psh functions.
One says that a negative u € PSH(Q) belongs to £(Q) if for every zg € Q
one can find an open neighborhood U € Q of zp and a decreasing sequence
u; € PSH N L*>(L) such that u; converges to u in U, lim,_pq uj(z) = 0 and
sup; Jo (dduj)" < oo. It was shown in [8] that £() is the biggest subclass C of
PSH(Q) satisfying

(1.3) Kou<vePSHEQ) = veK,

where the Monge-Ampere operator can be well defined and is continuous under
decreasing sequences.

The strategy of the proof of Theorem 1.1 is the following. We first show that
the conditions (iii) and (iv) are equivalent. Moreover, if € is hyperconvex then u
satisfies (iii) (or (iv)) if and only if u € £(Q). (It shows by the way that to belong
to the Cegrell class £ is a local property—that is, if Q = |J, Q, then u € £(Q)
if and only if u|g, € £(Q,) for every ¢.) Using the Cegrell result we then get
the implication (iii)=-(i), or in other words, that £ C D. To show that we in fact
have the equality it remains to prove the implication (ii)=-(iii). We remark that it
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would then be very simple if we already knew that D satisfies (1.3) (or Theorem
1.2), which we do not a priori assume.

Acknowledgments. The author would like to thank Urban Cegrell for inspiring
discussions on the subject.

2. The basic estimates. If n =2 then it is clear that conditions (iii) and (iv)
in Theorem 1.1 are equivalent, they mean precisely that u belongs to the Sobolev
space Wzt;’cz- The goal of this section is to show that they are also equivalent for
n > 3 and that for functions satisfying them one can well define the operator
(ddy".

PROPOSITION 2.1. Let Q' € Q be domains in C". Assume that 2 < m < n and
that either r < Q0 orr > 1. Then for any u € PSH N C(Q), u < 0, we have

/ lu|"(dd“u)™ N < C/ |u|"du A du A (ddCu)™ > A "L
(% Q

where C is a positive constant depending only on Q' and Q.

Proof. Let ¢ € C§°(Q) be equal to 1 in a neighborhood of Q' and 0 < ¢ < 1
elsewhere. Set T := (dd‘u)™ =% A w" ™. Integrating by parts we obtain

/ jul"(ddu* AT < / lul"(dduy® AT = —/ du A d°u N dd(plul ) AT
o @ “

We also have

—du NduNdd“(plulYNT = —|ul"du NduNdd“o NT

—r(r — D)|u)"2du A d°u A dd°u AT
< Clul"du NduNT ANw

which completes the proof. O

The crucial step is the following estimate:

THEOREM 2.2. Let Q' @ Q be domains in C". Assume that 2 < m < n and
r > 0. Then for u,v € PSH N C(Q) withu < v < 0 one has

/ lo]" dv Adv A (ddSv)™ 2 A W
Q/

m—2
<C (/ ™"+ / |u|™ P2 du A du A (ddCu)P N w”_”_l) ,
Q Q
p=0

where C is a constant depending only on Q',Q and r.
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Proof. Let S, S, be arbitrary currents of the form

S =dduy A --- Nddup—1 NS
Sy = dduy A --- Nddup—o NV,

where uy,...,uy,—1 € PSH N C(Q). By C we will denote possibly different
constants depending only on Q',Q and r. The desired estimate can be easily
deduced from the following three inequalities

(2.1) / lo["do Adv NSy < c/ |u|" (uPw + du A d°u) A Sy,
Q' Q

(2.2) / lu|*'dd v A Sy < c/ |u|" (uPw + du A d°u) A Sy,
Q/ Q

lu|"du N duNddv NS,

2.3) &

< C/ |u|"(|ulPw? + |u| du A du A w +du A du A ddu) A S.
Q

Let ¢ be as in the proof of Proposition 2.1. We first prove (2.2). Integrating
by parts we get

(2.4) / | dd v A Sy < / plul™*dd v A S = —/ 0| dd” (plul™*') A S).
Q Q Q
For any constant ¢ we have d(u + ) A d°(u + tp) > 0 and therefore
+u(du A\ dp +do A du) < du A du+utde A dop.

Using this we get

(2.5) Tdd®plu|” = Flul"dd°o & r|ul"" (du A d°o + dp N du)
—r(r— Dodu Ndu+re|u|ddu
< Clu|™*(WPw +du A du) £ r o |u) " dd u.
Moreover,

/go]u|’+1ddcu/\51 = (r+2)*1/ @ (dd®|u|™? + (r+ 1) 'du A du) A S
Q Q
= (r+2)—1/ |u|" (Pdd o+ (r + 1) o du A du) A S;.
Q

Combining this with (2.4) and (2.5) we get (2.2).
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To show (2.1) we estimate

lo]"dvANdvNS) < /<p]u|’dv/\dcv/\51
(o) Q

1
/ olul” (—ddcvz — Uddcv) Y
Q 2

IN

1
7/ Uzddc(gplu|’)/\S1+/ olul™dd v A S,
2 Jo Q

and (2.1) follows from (2.5) and (2.2).
Further

/ lu|"du NdunddvnS, < /g0|u\rdu/\dcu/\ddcv/\52
Q/ Q

1. ,
/ ©lu|” <2dd‘u2 - uddcu) Addv A S,

Q
= |v] o A Sa,
Q
where
1
a = —5dd(plul") Addu? — dd° (plu]™") A ddu

—dd" (plu|") A du A du — dd* (plu|™") A dd u+ |u|dd® (¢|u]”) A ddu
< Cllul'du A du A (Julw + dd u) + |u|™* o A ddu + |u|"(dd u)?

on the support of ¢, by (2.5). Now (2.3) can be deduced from (2.2) applied for
v=u. O

Theorem 2.2 implies in particular that conditions (iii) and (iv) in Theorem 1.1
are equivalent. More generally we have the following local result (we consider
the germs of functions).

COROLLARY 2.3. Assume that 2 < m < n and that either r = 0 or r > 1.
Let u be a negative psh function such that there exists a sequence u; € PSH N C
decreasing to u such that the sequences of measures

|ﬁj|r+m_p_2dﬁj A\ dcﬁj A (d Cﬁj)p AN wn—p—]’ p=0,1,....m—2,

are locally weakly bounded. Then for every sequence u; € PSH N C decreasing to
u the sequences of measures

\uj\“duj/\dcuj/\(ddcuj)p/\w"_p_l, p=0,1,....m—-2, 0<a<r+m-—p-2,
]ui\b(ddcuj)q/\w"_q, g=0,1,....m, 0<b<r+m-—gq,

are locally weakly bounded.
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Proof. Since the problem is purely local and on every compact set the function
u is bounded above by a negative constant, we may assume that ¢, ; are bounded
above by -1 for every j. It is thus enough to consider the cases a=r+m—p —2
and b = r+m — q. Since without loss of generality we may add to u; a sequence
of constants decreasing to 0, and also choose a subsequence of u; if necessary,
we may assume that u; < u;. It is now enough to use Theorem 2.2 to get the first
assertion and Proposition 2.1 to deduce the second one. O

We are now able to characterize the Cegrell class £.

THEOREM 2.4. If Q is a bounded hyperconvex domain in C" and u is a negative
psh function in Q then u € £(Q) if and only if u satisfies condition (iii) in Theorem
1.1.

Proof. If u € PSH() is negative then by [8] there exists a sequence u; €

PSH(Q) N C(L) decreasing to u in © and vanishing on Q. For a ball B € Q we
set

uj :=sup{v € PSH(Q) : v < 0in Q, v < u; in B}.
Then & € PSH(Q) N C(Q) (by [17]), & = 0 on I, & = u; in B and (dd°i;)" = 0

in Q\ B. First assume that u satisfies iii) in Theorem 1.1. Let ¢ € Co°(L2) be
equal to 1 on B. Then

/ (ddT;)" = [ P(ddT)" = — / diy A d€T; A (ddT)' 2 A ddCp
Q B Q

and it follows from Theorem 2.2 (applied in Q" such that B € Q' € Q) that this
sequence is bounded.

On the other hand, if u € £(Q) and ¢ € PSH(Q) N C(Q) is such that 1) = 0
on JQ and dd“y > w in B then for p =0,1,...,n— 2 we get

/B ;""" 2d; A d°uy A (dd°TP A WP
< /Q " P2 dy A d€u A (ddCi) A (ddCp)ytP!
=n—p-1~" /Q ||~ (dd T A (ddcypy P!
<m—p-t el | @)

where the last inequality follows by successive integration by parts (as in [4], see
also the proof of Proposition 3.1 below). O
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3. Proofs of the main results. In this section we will complete the proofs
of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. We have already proven that (iii)<(iv) and it is clear
that (i)=-(ii). By Theorem 2.4 and Cegrell’s theorem [8, Theorem 4.2] it follows
that (iii)=-(i). For the convenience of the reader we will now provide a direct
proof of this implication not using the class £. The argument will be similar to
those of Cegrell [8]. Let By € By € B3 be open balls in U. For v € PSHNC(B3),
v < 0, we set

v :=sup{w € PSH(By) : w < 0 in By, w < v in B} }.
By well-known facts from pluripotential theory (see [3], [17]) we then have
v € PSH(By) N C(B,), v =0 on OBy, v = v on By and (dd°v)" = 0 in B, \ By.

If u satisfies iii), from Theorem 2.2 and Proposition 2.1 it follows that for any
sequence u; € PSH N C*°(B3) decreasing to u in B3 one has

(3.1) sup / (dd‘u;)" < oo.
j /B
To prove that (i) holds it is enough to show that if ¢ € C§°(B1) then the sequence

(3.2) /B o(ddu)" =/B o(ddu;)"

is convergent and its limit is independent of the choice of u;. Suppose this is not
the case. Since we can write ¢ = v — b, where 11,1, € PSH(B,) N\ C>(B,) are
such that ¢y = ¢, = 0 on 0B,, from (3.1) it follows that we may replace ¢ by
1 in (3.2). Passing to subsequences and subtracting small constants if necessary,
we can therefore find appropriate sequences u; and ¢; such that u; < ¢; and

J—}OO

lim U1 (ddup)" > ‘lim/ P1(dd )",
B J—70 JB,
However, integration by part easily leads to contradiction:
'Lﬂ](ddcﬁj)n = fB2 ﬁjddc¢1 VAN (ddcﬁj)nfl
B>

< [p, Gdd 1 A (dd )"
< < fp (AT
This proves the implication (iii)=(i)

It now remains to show that (ii)=-(iv). We will generalize a construction
used in the proof of [5, Theorem 3.5]. Suppose that u does not satisfy (iv) and
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let po =0,1,...,n— 2 be such that the sequences of measures (1.2) are locally
weakly bounded in Q for p < py and that for a ball B € Q we have

(3.3) klim / || PO 2duy A du A (ddC Y0 A WP = 00,
— 00 B

where v = Muk py /i and ux py j are the standard regularizations of u whereas Ay
is a sequence of positive numbers (strictly) increasing to 1. We claim that there
exists an increasing sequence k = k(j) > j+ 1 such that for every j

(3.49) /B |y — vk|”’1’°*2d(zg,~ — g N (v — v) A (dd y )P N WPl >

For k > j+1 we have |5 — tx| > (1 — Aj/Aj+1)| x| and to show (3.4) it is enough
to prove that for every fixed j one has

3-5) kllngo/g " P02 d(gy — o) A — o) A (ddu ) AW = oo,
We have

1/2

(36) (/ |Uk’n_p0_2d(vj — Uk) A dC(Z/J _ Uk) A (ddCUk)pO A w”—Po—1>

B
1/2
> (/ \Uk\"*pO*szk A dCUk A (ddCUk)pO Awnp()[)
B
1/2
— (/ ’Uk‘n—Po—Zdyj A dCUj A (ddcvk)po /\w"—Po—1> )
B

Since the sequences (1.2) are bounded for p < py, we may use Corollary 2.3 with
m = po+1 and r = n —m. It follows in particular that for b < n— pg the sequence
of measures |u|?(dd® vy A w7 is locally weakly bounded in Q. Therefore,
the last term in (3.6) is bounded in k and by (3.3) we obtain (3.5). Hence (3.4)
holds.

Let B’ be a ball satisfying B € B’ € Q. We set

uj == sup{w € PSH(B") : w < vy in B, w < ) in B}

= sup{w € PSH(B') : w < h;},

where h; € C(B) is defined by hj = v in B, h; = v; on OB’ and h; is harmonic in
B'\ B. By [17] u; € PSH(B') N C(B). 1t is clear that u; is decreasing to u in B’
and therefore by (ii) (by approximation it follows that we can use this condition
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also for sequences of continuous functions) we have
sup/_(ddcuj)" < o0.
j /B

We also have (dd“uj)" = 0 in {u; < v;}, and, since u; < uj, it follows that
(ddup)" < (dd°vp)" on {u; = v;}. (It is a general fact that if u, v are psh and
continuous then (dd® max{u, v})" > (dd“v)" on the set {u < v} - see e.g.[1].)
By another application of (ii), this time to the sequence ;, we obtain therefore

sup/ (dd‘u))" < oo.
j /B

However, combining (3.4) with the following estimate we will arrive at contra-
diction, which will finish the proof of Theorem 1.1.

ProposITION 3.1. Assume that 0 < p < n — 2 and that Q is a bounded domain
in C". Let u, v € PSH(Q) N C(Q) be such that u < vin Q and u = v on OQ. Then

/ (v —w)"P2d(v —u) Nd(v — u) A (ddup’ NP < C / (ddu)",
Q Q

where C is a constant depending only on n and on an upper bound for the diameter
of Q.

Proof. It will be similar to that of [4, Theorem 2.1]. For ¢ > 0 set ¢v. =
max{u, v — ¢}. Then by the weak convergence we have

/ (v —w)"P2d(v — u) A d°(v — u) A (ddu)’ A" P!
Q
< liminf | (2 - W P72 d(v. — u) Ad“(ve — u) A (dduf AW
E— Q

We may thus assume that u = v near 0Q.
Set 1(z) := |z — z0|?> — M, where zyp € Q and M is so big that ¢» < 0 in Q.
We then have
(n—p— 1)/ (v —w)" P 2d(v — u) AN d°(v — u) A (dduy’ A w" P!
Q
= / dv—uw)" PP ANd(v — u) A (dduyP A" P!
Q

< / (U— u)n—p—l(ddcu)pH /\wn—p—l
Q

/ Ydd(v — u)" P~V A (ddCu)Ptt A WP,
Q
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and
—dd“(v —u)" P < (n—p— 1)v—uw'P2ddu.
Therefore
/ (v — w)" P~V ddupt' AW P!
Q
< Mn—p—1) / (v — w)" P=2(dd uy’ > A" P2
Q

Successive application of this inequality for p =0, 1,...,n — 2 gives the desired
estimate. O

Proof of Theorem 1.2. Let K be a compact subset of Q such that # < v in
Q\ K. By Theorem 2.2 (and Theorem 1.1) we have v € D(Q\ K). Let Q', Q" be
smooth domains satisfying K C Q' € Q" € Q. We need to show that v € D(Q).
Let yj € PSH N C*™(Q") be a sequence decreasing to v in Q”. We can find a
sequence u; € PSH N C*°(Q") decreasing to u in Q" and such that u; < ¢+ 1/j
near Q. Set u; := max{u;, vj + 2/j}. Then u; decreases to max{u, v} € D(Q")
and uj = vj +2/j near 0Q'. We thus have

/Q (ddy)" = /Q (dd“@)".

By Theorem 1.1 we obtain that for every such a sequence v

sup [ (dd“v)" < o0.

j e '
This means that the function v satisfies a slightly weaker condition than (ii) in
Theorem 1.1: only for sequences defined on a neighborhood of K. However,

the proof of implication (ii)=-(iii) can be repeated in this case with only one
modification: B’ has to be chosen as Q. O
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