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WEAK SOLUTIONS
TO THE COMPLEX HESSIAN EQUATION

by Zbigniew BLOCKI

1. Introduction.

For a smooth function u defined on an open subset of C™ and
m =1,...,n the elementary complex Hessian operator is defined by

Hy(u) = DD VD Vi

11 < <m<n

where A1, ..., \, are the eigenvalues of the complex Hessian (9%u/0z,;0%y).
We have H; = A/4 and H,, is the complex Monge-Ampeére operator. Using
the operators d = 9 + 9 and d° = i(0 — 9), so that dd® = 2i00, one gets

(ddu)™ Aw™™™ = 4"ml(n — m)! Hy, (u) dA,
where w = dd°|z|? is the fundamental Kihler form and d\ is the volume
form.

The class of smooth admissible functions for the operator H,, is
naturally defined by the condition H,,(u + A|z]?) > 0 for every A > 0.
Using for example approximation by smooth functions one can define this
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notion also for non-smooth functions. We will denote this class by P,, and
call such functions m-subharmonic. We clearly have

PSH=P,cCc...Cc P, =5H.
The class Py, is essentially determined by the following property
ddur A .. ANdd U, AW >0, Ut ..., Uy € P, NC.

It would be interesting to find a geometric characterization of such func-
tions. A necessary condition is dd°u A w™~ " > 0, which means that v is
subharmonic on every complex n — m + 1-dimensional affine subspace of
C™, but this condition is not sufficient if 1 < m < n.

The aim of this paper is to study basic, mostly local properties of
m-~subharmonic functions and the operator H,,. Similarly as in [4] or [5]
one can introduce the domain of definition of the operator H,,: a function
u € Ppy, is said to belong to the class D,, if there is a regular Borel measure p
such that if u; is a decreasing sequence of smooth m-subharmonic functions
converging to u (we consider only germs of functions, u; may be defined on
a smaller domain than u) then Hp,(u;) tends weakly to p. For v € D,,, we
set Hy,(u) = p and one can easily show that D,, is the maximal subclass of
P where the operator H,, can be extended (the values of H,, are regular
Borel measures) so that it is continuous for decreasing sequences. Similarly
as in [4] and [5] for m = n, we shall completely characterize the class D,y,.
We will show in particular the following result.

THEOREM 1.1. — If K € Q C C" and u,v € Pp(Q) are such that
U € Dp(Q), u<vin Q\ K, then v € D,, ().

Theorem 1.1 implies for example that the class D,,, contains functions
from P, (2) which are locally bounded away from a compact subset of €.

One of the main results is the following natural characterization of
m-maximal functions (a function u € P,,(2), Q open in C, is called m-
maximal if v € P,,(Q), v < u outside a compact subset of ) implies that
v < uin Q).

THEOREM 1.2. — A function v € D, is m-maximal if and only if
H,,(u) =0.

Theorem 1.2 implies in particular that m-maximality of locally
bounded m-subharmonic functions is a local property. We conjecture that
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this is the case without the assumption of boundedness but this is an open
problem even if m =n = 2.

One can check that the function

(1.1) G(z) =

is a fundamental solution for the operator H,, (note that G € D,, by
Theorem 1.1). We clearly have

(1.2) GeLfOC@p<n_m.
This leads naturally to the conjecture that for every p < nm/(n —m) one
has P,, C L? . We are only able to show the following partial result.

loc

P
loc*

ProposiTiON 1.3. — For every p < n/(n —m) we have P,, C L

Note that we get optimal exponent in the well known, extreme cases
m=1and m =n.

For m = n we deal with the complex Monge-Ampere operator and
plurisubharmonic functions and the above results are of course known (see
e.g. [1], [2], [5], [11], [18]). The aim of this paper is to concentrate on those
problems related to the Hessian operator where the methods of the complex
Monge-Ampere operator cannot be automatically repeated.

The real Hessian operator has also been studied quite extensively in
the recent years — see e.g. [8], [15], [16], [19], [21], [22]. It is clear that if
u(z) = u(x +iy) is independent of y then it is m-subharmonic if and only
if it is m-convex (see [22]). This means that in a way the complex Hessian
operator is a generalization of the real one and indeed, for example, some
results of Section 2 are generalizations of some results from [22].

The real Hessian operator for functions on open subsets of R" is
defined in the same way, one only takes the real Hessian instead of
the complex one. Denote the class of m-convex functions by ®,,. The
fundamental solution for the real Hessian operator is

—[zZ=m m < n/2,
H(z) = < log|x|, m=mn/2,
|| 2—"/m, m > n/2.
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One has

HeWhlsq< .
n—m

It was in fact proved in [22, Theorem 4.1] that ®,, C Wl 4 for ¢ <
nm/(n —m). From the Sobolev theorem it thus follows that for m < n/2
and p < nm/(n — 2m) we have ®,, C L?
terms of the exponent p.

loes Which is an optimal result in

In the complex case however it is not possible to prove optimal
LP estimates for m-subharmonic functions via gradient estimates and the
Sobolev theorem. On one hand we have

2nm

GeWlieqg<
2n —m

But the function u(z) = log |z1| belongs to P, for every m, u ¢ VVllof and
2<2nm/(2n—m)if2<m < n.

Most of the results of this paper were contained in the first version of
the author paper [5]. Later however, a simpler proof of the characterization
of the domain of definition of the complex Monge-Ampere operator was
found, not employing the complex Hessian operator.

The paper is organized as follows. In Section 2 certain basic facts
on elementary symmetric functions are collected. In Section 3 we prove
the main properties of m-subharmonic functions including a special case
of Theorem 1.2 for continuous functions. The proof relies heavily on an a
priori estimate for a special case of the complex Hessian equation which
is presented in Section 4. We remark that a much more general estimate
and a solution of the Dirichlet problem for non-degenerate equation was
independently shown in [20] with essentially the same methods as below.
Section 5 is devoted to the characterization of the class D,,. Since most
of the proofs are similar to those from [5], they are sketched only briefly.
Finally, in Section 6 we prove Proposition 1.3.

We have concentrated here on the study of weak solutions of complex
Hessian equations and therefore we restricted ourselves to the elementary
Hessian operators H,, - as [22] did for example in the real case. Of course
many results could be generalized here to more general complex Hessian
operators. The existence of strong solutions in domains in C™ for such
equations was recently proved in [20]. In particular, one could study the
operator (dd“u)™ A w™ ™ on manifolds, where w is an arbitrary Ké&hler
form. This would perhaps be interesting from a geometric point of view.
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For the global Dirichlet problem on compact Kéhler manifolds, in analogy
with the case of the Calabi-Yau theorem, one would have to consider the
operator (w + ddp)™ AW,

Acknowledgements. — The author would like to thank Pawet Strze-
lecki for providing the references [6] and [17] (they are used in the remark
at the end of Section 3).

2. Basic properties of elementary symmetric functions.

In this section we recall some basic facts from (multi-)linear algebra
needed in the paper. We set

Sp(N) = S XA A=A, ) ERM

1<i<...<gm<n

The elementary symmetric function S, is determined by
M +1)... (A +1) ZS Mt teR.

By TI';, we denote the closure of the connected component of {S,, > 0}
containing (1,...,1). One can show that

Fp={AeR":Sn(M +1t,...., 0, +1t) >0Vt >0}

and, since
SmM+t. A1) =Y S,(ME™P, tER,

we also have
Iy ={5>0tn...n{S, >0}

In particular
r,c...cry.

By Garding [14] the set I',, is a convex cone in R™ and Sa!™ is concave on
I';,. By Maclaurin inequality on I'), one also has

—1/m —-1/p
(n) Sym < <n) SHP. 1<p<m

m p
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By H we will denote the vector space (over R) of (complex) hermitian
n x n matrices. For A € H let A(A) = (A1,...,A\y) € R™ be the eigenvalues
of A. We set
Sm(A) = Sm(A(4)).

The function §m is determined by

det(A+tI) = ZS A" teR.

Then S, is a homogeneous polynomial of order m on ‘H which is hyperbolic
with respect to I (that is for every A € H the equation S,,(A +tI) =0
has m real roots; see [14]). As in [14] we define the cone

Tpi={AeH:Sn(A+tI) >0Vt >0}
We have
Tpp={AcH:NA) el ={S>0}n...{Sm >0}

It was proved in [14] that the cone T, is convex and the function Sal™ s
concave on I';,

Let M : H™ — R be the polarized form of S,, - it is determined by
the following three properties: M is linear in every variable, symmetric and

M(A,...,A)=S,(A), AcH.

The inequality due to Garding [14, Theorem 5| asserts that

(21) M(Ay,...,An) = Sm(ADY™ . Sp(A)Y™, Ay, Ay €T
Real (1,1)-forms # we associate with hermitian matrices (a,z) by

,8 =2 Z G,JEZCZZ] AN dZE
3.k

(so that w is associated with the identity matrix I). After diagonalizing
(a;z), we see that

B AW =mlSy ((az))w".
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It is also clear that 81 A... B, Aw™ ™" is the polarized form of 5™ Aw™™ ™.

Accordingly, we set

To={B€Chy: A" 120,/2A0"220,...," Aw" ™™ > 0}.

The crucial fact for us will be the following property.
ProrposITION 2.1.— For B1,...,0, € fm, p < m, we have

BiA.c.ABy AW™™™ >0,

Proof. — We need to show that for any (1,0) forms a1,...,am—p we
have
iy AT A N i ATy ABLA . A By Aw™ ™ > 0.
But since ia; Aa@; € I, C T, (this is because (ia; A @;)% = 0), we

may assume that p = m. Then the proposition follows from the Garding
inequality (2.1). a

For B € H we define

‘We then have

in particular
(2.2) tr(BDy(B)) = Sm(B).
If B is diagonal then so is D,,(B). If A = A(B) then
MDp(B)) = (Sm—1(AM), ..., Sy 1 (AM)Y),
where AW = (\1,..., A1, Aj41, .-+, An). If B €T, then for t > 0
Sm—1(AD) =71 (Sn (A + (0, ., t,...,0)) = S (X)) = 0
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so that D,,,(B) > 0. By (2.1) we have
(2.3) tr(ADyp (B)) = mSp, (A8, (B)™=D/m A B eTl,,

and

Sy (A = e inf{M(A,B,...,B): BeT,,, Su(B) >1}
m

_ 1 inf{tr(AD(B)): B €y, Sn(B) =1}, AcT,,.
m

3. The m-subharmonic functions
and the complex Hessian operator.

In this section we define the class of admissible functions for the
complex Hessian operator H,, and prove their basic properties. Most of
the proofs are the same as in the case of plurisubharmonic functions and
the Monge-Ampere operator (that is when m = n) and therefore we will
present them only briefly.

A function w is called m-subharmonic (we write v € Pp,) if it is
subharmonic and

ddUN BL A ABma Aw™ ™ >0, Bi,...,Bm-1 € L.

The following basic properties of m-subharmonic functions either follow
immediately from Proposition 2.1 or can be proven in the same way as in
the classical case, and therefore their proofs are left to the reader.

PROPOSITION 3.1.— i) If u is C? smooth then it is m-subharmonic
if and only if the form dd°u belongs pointwise to I',,;
ii) If u,v € Py, then u+v € Pp,;

iii) If u € P,, and v : R — R is a convex, increasing function then
you € Pp;

iv) If w is m-subharmonic then the standard regularizations u* p. are
also m-subharmonic ;

v) If {u,} C Pp is locally uniformly bounded from above then
(sup, u,)* € Py, where v* denotes the upper regularization of v;

vi) PSH=P, C...C P, =5SH. O

ANNALES DE L’INSTITUT FOURIER



COMPLEX HESSIAN EQUATION 1743
The next result was proven in [23] for m = n.

PROPOSITION 3.2.— For a bounded domain Q2 in C" and f € C(Q)
set
u:=sup{v € P, (Q) : v < f}.

Assume moreover that u* = u, = f on Q. Then u € P,, () N C(Q).

Proof.— 1t is clear that u* € P, () and u* < f, thus u = u* is
upper semi-continuous in . To show the lower semi-continuity in £ fix
29 € Q and ¢ > 0. From the uniform continuity of f on Q and of u = f on
01 it follows that we can find 6 > 0 such that

(3.1) dist (29, 002) > 29,
(3.2) 2€Q, wed, |z—wl <36 = |u(z) - f(w)| <e,
(3.3) 2,2 €Q, |z—2|<d = |f(z) - f(&")] < 2e.

Fix Z with |zg — 2| < d. For z € Q set

(2) = { max{u(z + zg — 2) — 2e,u(z)},  dist(z,00) > 0,
EET w(e), dist (z,09) < 6.

If dist (2, 0€2) < 26 then we can find w € 02 with |w — 2| < 2J. Using (3.2)
twice we get
u(z+ 20— 2) < f(w) + & < u(z) + 2e.

This implies that v(z) = u(z) if dist (z,09Q) < 26, and thus v € P,,,(2). On
the other hand, if dist (z,99Q) > §, then by (3.3)

w(z+20 —2) < fz4+20 —2) < f(2) + 2¢
and it follows that v < f in Q. Therefore v < u in © and by (3.1)
u(?) > v(2) > u(20) — 2,
hence u is lower semi-continuous. O

Proposition 3.2 will mostly be used in the situation when 2 is a
regular domain (with respect to harmonic functions) and f is harmonic in
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Q. In such a case, from the maximum principle it follows that the condition
v < f in the definition of u is equivalent to v* < f on 0S.

For continuous m-subharmonic functions we can inductively define a
closed nonnegative current

dd®uy A .. dd°up A" = dd° (UlddCUQ A ANddOup AW,

(3.4)
Up,...,up € P, NC, p<m.

(We have used the fact that the coefficients of nonnegative currents are
complex measures, see e.g. [13].) We can also define a nonnegative current
(3.5)

d(ug —u1) Ad(ug —ur) AddusA ... Addup Aw"™™™

U, UL,y .-, Up € Py NC, p<m.
as follows. We note that
d(UO —Ul) /\dc(uo —ul) = 2d7.t0 /\dC’LLO —|—2du1 /\dcul —d(’LLQ +'LL1) /\dC(UO +’LL1)

and
1
du N du = 5 dd(u+ C)? — (u+ O)ddu, wu€P,NC,

where C' is sufficiently big, and use the previous part.

The proofs of the following three results for m = n can be essentially
found in [1].

ProprosITION 3.3. — The operators (3.4) and (3.5) are continuous for
locally uniformly convergent sequences in P, N C.

Proof. — 1t is enough to prove the continuity of the operator
(P NCP 3 (u1,...,up) — urddug A ... Addup, AwW™™™.

This follows inductively from the fact that the coefficients of a nonnegative
current are complex measures and since the convergence is uniform. O

ProrosiTioN 3.4. — For u,v € P,, N C we have
(dd® max{u, v})" Aw" ™™ = X{uso} (ddu)" Aw" T FX fucoy (ddv) T AW T,
where x 4o denotes the characteristic function of a set A.

ANNALES DE L’INSTITUT FOURIER



COMPLEX HESSIAN EQUATION 1745

Proof. — For a compact K C {u = v} by Proposition 3.3 we have

/ (dd® max{u,v})"™ Aw™ ™™ >1lim [ (dd°max{u,v+e})™ Aw"™™
K

Elo K
:/ (ddv)™ AW a
K
Prorosttion 3.5.— Let Q be a bounded domain in C", u,v

€
Pm(2) N C(Q) are such that u < v on 9Q and (ddu)™ A W™ ™ >
(dd®v)™ Aw™ ™ in Q. Then u < v in Q.

Proof.— Suppose that {u > v} # (). We can then find € > 0 such
that S := {u > v} # (), where U := u+ ey and ¥ (z) = |2]? — M is negative
in Q. We have

(dd°(u+e))™ Aw™ ™™ > (ddu)™ AW~ 4+ W™

and from Proposition 3.4 it follows that (dd“u)™ Aw™™™ > (dd°v)™ Aw™ ™™
in 2. However, since u = v near 0f2, regularizing u, v and using the Stokes
theorem we get

/ (ddeT)™ A W= = / (ddv)™ A W=
Q Q

and we must thus have (dd°@)™ A w™™™ = (ddv)™ Aw™ ™ in Q. On the
other hand

/(dd“’ﬂ)m Awt™™ > /(ddcu)m AWt™™ 4™ / w™
s s s
and we get a contradiction. O

A function u € P, (), Q open in C", is called m-maximal if
v € Pn(Q), v < u outside a compact subset of € implies that v < u in
). We first prove Theorem 1.2 for continuous functions.

THEOREM 3.6.— A function v € Py, N C(Q) is m-maximal if and
only if it solves Hy,(u) = 0.

Theorem 3.6 will easily follow from the comparison principle (Propo-
sition 3.5) and the solution of the Dirichlet problem for the m-Hessian
equation in a ball.

TOME 55 (2005), FASCICULE 5
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THEOREM 3.7.— Let B be a ball in C™ and ¢ a continuous function
on 0B. Then the following Dirichlet problem

u € P (B) N C(B)
(dd°u)™ Aw™™™ =0 in B
u=¢ on OB

has a unique solution.

Proof. — Uniqueness is a consequence of Proposition 3.5. To show
the existence we first assume that ¢ is smooth and for a constant a > 0
consider the Dirichlet problem

u € Py (B) N C>=(B)
(3.6) (dd°u)™ Aw"™™ ™ = aw™ in B
u=p on OB.

By the Evans-Krylov theory (see e.g. [7, Theorem 1]) there exists a solution
of (3.6) provided that we have an a priori bound

(3.7) ||U||cl,1(§) <C,

where C' depends only on a and ¢. The proof of this estimate is postponed
to Section 4.

Assuming that (3.7) is proven, and thus that we can solve (3.6), let ¢
be arbitrary continuous. Approximate it from below by ¢; € C*°(0B). Let
u; be a solution of (3.6) with ¢; and a = 1/j. Let ¥(z) = |z — z9|? — R?,
where z; is the center and R the radius of B. For k > j Proposition 3.5
gives

we + 57— |lo; — ¢llL=(om) < uj < uk.

This implies that u; converges uniformly on B to a certain u, which is a
solution by Proposition 3.3. O

Proof of Theorem 3.6.— Proposition 3.5 directly implies that if u
satisfies H,,(u) = 0 then it is maximal. On the other hand, assume that
u is maximal and let B € € be a ball. By Theorem 3.7 we find u € C(£2)
determined by @ =w in Q\ B, u € Pp,,(B) and (dd°u)™ Aw™™ ™ =0 in B.
By the comparison principle again we have @ > u in B and thus u € P,,(Q).
Since u is maximal, it follows that @ = u and we get H,,(u) = 0. a
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Remark. — For m = n Theorem 3.7 was proved by Bedford and
Taylor [1] with the help of an interior C1'! estimate ([1, Theorem 6.7]),
which, together with later simplifications due to Demailly [11], gives an
overall simpler and more elementary proof than the one presented here
(not employing strong solutions at all and thus not using the Evans-
Krylov theory and estimate (3.7)). It relied however on the following,
rather rare, property: the group of smooth diffeomorphisms of the unit ball
in C™ preserving plurisubharmonic functions is transitive. Note that this
not true in the real case (where plurisubharmonic functions are replaced
by the convex ones - then we only have the affine mappings) and one
can also show that it is not true for m = 1, that is for subharmonic
functions. One can namely check that in this case such a diffemorphism
F = (F',...,F?™) has to satisfy two properties: 1) the (real) Jacobian
matrix of F is orthogonal at every point; 2) AF/ =0, j = 1,...,2n. By
the Liouville theorem (see e.g. [6] or [17]) the mappings satisfying 1) are
precisely the Mobius transformations. However, the Kelvin transformation
2 +— 2/|z|? is harmonic only in the real dimension 2. Thus, if n > 1 the
mappings satisfying 1) and 2) are precisely linear M&bius transformations
and the group in question is not transitive. We suspect that it is also not
transitive if 1 < m < n.

4. The a priori estimate.

In this section we will prove the estimate (3.7). We essentially follow
[8] using some ideas from [7] and the simplification from [21]. We use the
notation u; = 0u/0z;, u; = Ou/0%;. The real partial derivatives of u will
be denoted by u,;, uy;, and by u; we mean the derivative of u in direction (.

It is no loss of generality to consider the equation

(4.1) Sn((uz) = 1.

Computing the derivative of both sides of (4.1) in a direction ¢ we get
(4.2) at*u, - =0,

where

() = Dn((u,7) = (gf’” <<uﬂ>>> .

TOME 55 (2005), FASCICULE 5
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By Section 2 we have (a/%) > 0. If (u;z) is diagonal then so is (a7%) which
implies that the product of these is a hermitian matrix. This means that
for every p, q

(43) a”Equ = aﬁujﬁ,
and by (4.2)
(4.4) a* [zpu, — Zqup) 5 = 0.
Since SL/™ is concave on I, it follows that so is G := 10g Spn.

Differentiating the logarithm of both sides of (4.1) twice in direction ¢
we get

9°G oG
—— U Upse + —u.7,. = 0.
—Ou— ikeTPas Z — Uik
e 8ujk8upq T aujk

The concavity of G implies that the first term is nonpositive and we get

ik
(4.5) aueo g > 0.

It is no loss of generality to assume that B = B(0,1) is the unit
ball in C" and that ¢ € C°°(B) is harmonic in B. By C we will denote
possibly different constants depending only on ||¢| |C3>1(§) and say that they
are under control. We also set 9(z) := (|22 — 1)/2. From the comparison
principle we get, for sufficiently big C, ¢ + C% < u < . This coupled with
(4.2) gives

(4.6) ||u||co,1(§) <C.

We now turn to the estimates of D?u on dB. For ( € OB by s,t we
will denote the (real) tangential directions at ¢ and by N the outer normal
direction. We clearly have

(47) Ust = Pst T+ (’LL - QO)N(SSt'
From (4.6) it follows therefore that

(4.8) lus(C)] < C, ¢ € dB.
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Next we estimate the mixed tangential-normal derivative u;x (¢°) for
a fixed ¢V € 9B. We may assume that (y = (0,...,0,1), so that at (° we
have N = 0/0x,,. First assume that ¢t = 0/0z,, for some p < n — 1. Set

v:=2Re[zp(u — Q)n — Zn(u — ©)p]
= mp(u — )z, — Tn(u— @)xp + yp(u - ‘P)yn — Yn(u — ‘P)y;f

Then v =0 on dB, |v] < C on dB(¢Y,1) N B and by (4.4)

iajkng > -C E a’d.
J

We now consider the barrier function w := +v — Cy|z — (|? + Catp. We
can choose constants 0 < C; < C3 under control so that w <
d(B N B(¢%1)) and aj’“ij > 0 in B N B(¢%1). Therefore w <
BN B(¢° 1),

0 on
0 in
o] < Cilz = Gof* — Cayp

and it follows that |v,, (¢%)] < C. At ¢° we have however

Vg, = —(u — ‘P)zp — (u— ‘P)zpzn

and thus |ug, ., (Y <.

To estimate uy, o, (¢°) we take

v:=2Im[zy(u—¢)n — Zn(u — ¥)3]
= yp(u — @)z, — Tn(u — ‘P)yp + Yn (u — ‘P)wp - mp(u - ‘P)yn'

and proceed similarly. Finally, for ¢ = 9/9y,, one can check, using (4.2) and
(4.3), that

a’® [ynuacn - xnuyn]jE = 2Im(ankunﬁ) =0

and consider
V=Y (U= @)z, — Tn(u— @)y,

We will eventually obtain

(4.9) lusn(Q)| < C (€ 0B.

We claim that to get (3.7) it is now enough to estimate
(4.10) u,m(¢°) < C.

TOME 55 (2005), FASCICULE 5



1750 Zbigniew BLOCKI

Indeed, this combined with (4.8), (4.9) and (4.5) implies that all the
eigenvalues of the real Hessian matrix D?u are bounded from above by
C in B. But since u is in particular subharmonic, it follows that they must
then be bounded from below by —(2n—1)C. It thus remains to show (4.10).

By (4.8) and (4.9) at (o we may write
(4.11) 1 = upmSy,_1 + O(1),

where S/, _,(¢%) = §m_1((ujg(<0))’) and if A is an n X n matrix then by
A’ we denote the (n — 1) x (n — 1) matrix created by deleting the nth row
and nth column in A. We will now use an idea from [21]. By (4.11) we
may assume that the quantity S;,,_;(¢), ¢ € 0B, is minimized at (p. It is
elementary to show that there exists a smooth mapping

&: (BNB(C°1) xC" —C"

such that for every 2 € B N B(¢° 1) the mapping ®, = ®(z,-) is an
orthogonal isomorphism of C" (and of B), ®.(¢) = ¢° for ¢ € 9BNB(¢°, 1)
and ®co is the identity. For ¢ € 8B N B(¢% 1) we then have

m-1(0) = Sm-1(U(C)),

where by (4.7)
U(¢) = A(Q) + un (O,
AQ) = (0o 20 7() = en (01
It is clear that || A[1,1 a5 (o 1)) < C- Define the (n—1) x (n—1) positive

definite matrix

as;m— 1
8ap§

By = D1 (U(C°)) = < (U(CO))> :

By (2.2) and (2.3)
tr [Bo(U(Q) = U(C")] = S5 1(¢) = 87, 1(¢%) > 0.

We thus obtain

(€)= g, (O) =, (C°)H{Vu(Q), ¢—C%)+(tr Bo) ™ tr [Bo(A(C) — A(C®)] = 0

for ¢ € OB N B(¢Y,1).
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Similarly as before, we define the barrier w := v — Cy|z — (°|? + Ca),
and choosing C7 < C5 under control we get w < 0 on (BN B(¢°, 1)) and
ajkwﬂ >0 in BN B(¢%1). Therefore w < 0 in BN B(¢% 1) and

uwnwn (CO) < C

which together with (4.8) gives (4.10). O

5. The class D,,.

Essentially just repeating the proof of [5, Theorem 1.1] and using the
necessary machinery from Section 3, we can get the following characteriza-
tion of the class Dy, (we consider the germs of functions).

THEOREM 5.1. — For a negative u € P, the following are equivalent

i) u € Dyy;

ii) For every sequence u; € P, N C™ decreasing to u the sequence
H,,(uy) is locally weakly bounded;

iii) w € L}, and for every sequence u; € Py, N C™ decreasing to u
the sequences

(5.1)  |ui|™ P 2du; A duj A (ddu;)? Aw™ TP p=10,1,...,m 2,

are locally weakly bounded;

iv) u € L} and there exists a sequence uj € Pp, N C* decreasing to

u such that the sequences (5.1) are locally weakly bounded.

For m = 2 it is clear that conditions iii) and iv) in Theorem 5.1 are
equivalent, and they mean precisely that u € Py N Wllof

We will now very briefly sketch the proof of Theorem 5.1. The crucial
steps are the following two estimates.

ProposiTiON 5.2.— Let ¥ € Q be domains in C*. Assume that
2 < m < n and that either r < 0 or r > 1. Then for any u € P,, N C(Q),
u < 0, we have

/ [u]"(ddu)™ Aw™ ™™ < C/ lu|"du A d°u A (ddu)™ 2 A W™ ™
9% Q
where C' is a positive constant depending only on Q' and €.

TOME 55 (2005), FASCICULE 5



1752 Zbigniew BLOCKI
Proof. — Tt is the same as the proof of [5, Proposition 2.1].

THEOREM 5.3.— Let Q' € Q be domains in C". Assume that
2 <m < nandr > 0. Then for u,v € P,, NC(Q) with u < v < 0
one has

[o|"dv A d°v A (ddv)™ 2 A wn ™
Q/

m—2
<C </ Ju|™ T w™ + E / Ju|™ P2 du A dCu A (dd°u)P A w”p1> ,
Q Q
p=0

where C' is a constant depending only on Q',Q and r.
Proof. — One has to repeat the proof of [5, Theorem 2.2].

Proof of Theorem 5.1 (sketch).— It follows from Theorem 5.3 that
the conditions iii) and iv) are equivalent. To show implication iii)=-iv) one
has to use Cegrell’s arguments (see the proof of [9, Theorem 4.2], they are
also presented in [5]). The implication i)=-ii) is trivial and to show the
remaining implication ii)=-iii) we proceed the same way as in [5]. We have
however to show in addition that u is in L. which is already guaranteed

loc
for m = n (and it will follow from Proposition 1.3 if m2/(m — 1) > n).

Suppose that ii) is satisfied but u ¢ L. We can then find balls

loc*

B € B’ such that u is defined in a neighborhood of B’ and u ¢ L (B).

loc
Let v; = u* py/; be the sequence of the regularizations of u. Then there

exists an increasing sequence k = k(j) > j such that

(5.2) / lv; —v|"dA > j
B
We set
u; : = sup{w € P,,(B') : w < vj in B', w < vy, in B}
= sup{w € P, (B') : w < h;},

where h; € C(B’) is defined by h; = vy in B, hj = vj on OB’ and h; is
harmonic in B’ \ B. By Proposition 3.2 u; € P,,(B") N C(B’). It is clear
that u; is decreasing to u in B’ and therefore by ii) we have

sup/ (dduj)™ AWM < 0.
j JB
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By Theorem 3.6 we have (dd®u;)™ Aw™ ™ = 0in {u; < v;}, and, since u; <
vj, from Proposition 3.4 it follows that (dd®u;)™ Aw™ ™™ < (ddv;)™ Aw™ ™™
on {u; = v;}. By another application of the assumption, this time to the
sequence v;, we obtain therefore

sup/ (ddu;)™ Aw™™™ < o0,
j ’

However, integrating by parts in the same way as in the proof of [3, Theorem
2.1] or [5, Proposition 3.1], using (5.2) we obtain

J< / (vj —uy)"dA < C/ (dduj;)™ Aw™T™

/

where C' is independent of j - a contradiction. O

The proof of Theorem 1.1 is now the same as the proof of [5, Theorem
1.2], whereas to show Theorem 1.2 we have to proceed as in the proof of
[4, Proposition 2.2] (using Theorem 3.6).

6. The Lr-estimate.

In this section we will prove Proposition 1.3. More precisely, we will
show the following estimate.

ProprosITION 6.1. — Forp < n/(n—m) and negative u € P,,(B(0,2))
one has

(6.1) l|ullzr(B0,1/2)) < Cllullzr(B(o,2))
where C' is a positive constant depending only on n,m and p.

Proof. — We will use similar methods as for example in [10] and [24].
Thanks to regularization we may assume that v is smooth. By C7,Cs, ...
we will denote constants depending only on n,m and p.

For € > 0 let G € P,,, NC*°(C") be such that G. = G on C™\ B(0, ¢)
and G | G as ¢ | 0, where G is given by (1.1). For w € B(0,1/2) we have,
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denoting B := B(0,1) and u,, := u(w — -),

Cru(w) = / Uy (dd°G)™ Aw™™™ = lim [y, (dd°G.)™ Aw™™™
B

e—=0 /B

= lim ( / Godduy A (dd°Ge)™ P Aw™™™
5*}0 B
+/ Uy d°G A (dd°G)™ ™ A w"_m)
OB
= / Gdd®u, A (dd°G)™ P Awm™™
B

+/ Upd°G A (dd°G)™ P A W™ ™™ = uy (w) + ug(w).
OB
Since u is in particular subharmonic,
lug(w)| < 02/ [uw|do < Cs|ul|L1(B(0,2))
oB
it is thus enough to estimate ||u1||z»(B(0,1/2))-
Write G = E o 1. Then by Proposition 2.1 we have

0 < dduy A (dd°G)™ 1 Awm™™
(6.2) =(E o))" 2(E opw+ E" otpdip Ad°ep) A ddu, Aw™?
< 04‘Z|72n(m71)/mAuw’

since E” < 0. Set G := G2, so that Ge C>(B) and G = G near dB, and
let ¢ € C§°(B(0,3/2)) be such that ¢ =1 in B and 0 < ¢ < 1 elsewhere.
Then

/ dd®uy A (dd°G)" P AWM = / d°G A dd®ug A (dd°G)™ 2 A W™
B OB
= / dd®uy, A (dd°G)™ 1 A W
B
(6.3) < / edd uy A (dd°G)™ 1 Aw™™™
B(0,3/2)
= / Udd®o A (dd°G)™ 1 A W™
B(0,3/2)
< OsllullL1(B(0,2))-
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The Jensen formula combined with (6.2) and (6.3) gives

|y (w)|P < (C5Hu||L1(B(072)))p_1/ |G|Pdd u,, N (ddCG)m_1 Awt™m
B

< (Csllullor(s0.2)" " / 1GlP |2 — w]~200m=D/m Ay g
B(w,1)

from which (and (1.2)) (6.1) easily follows. a
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