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ABSTRACT. We show that if the function x : R — R is increasing, convex,
and satisfies f:olo(—x(t))"’Q(x’(t))zdt < 00, n > 2, then for any plurisubhar-
monic u the complex Monge-Ampere operator (dd€)™ is well defined for the
plurisubharmonic function x o u. The condition on x is optimal.

1. Introduction

In [2] and [3] the domain of definition D for the complex Monge-Ampere op-
erator (dd®)" was defined as follows: we say that a plurisubharmonic function u
belongs to D if there is a regular measure u such that for any sequence u; of smooth
plurisubharmonic functions decreasing to u the Monge-Ampere measures (dd®u;)™
converge weakly to p. (In this definition we consider germs of functions on C”, so
that the approximating sequence u; may be defined on a smaller domain than
is.) It was for example shown in [2], [3] that if D 5> v < v € PSH then v € D, and
that for n = 2 we have D = PSH N I/Vlloc2

In this note we show the following result (we always assume n > 2):

THEOREM 1. Assume that x : R — R is increasing, convex, and such that

(1) | exorr < .

— 00
Then for any plurisubharmonic u we have x ou € D.

The assumptions in Theorem 1 are for example satisfied for the function x(¢) =
—(—t)* (fort < —1), where 0 < o < 1/n. As an immediate consequence of Theorem
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1 we thus obtain the following property of pluripolar sets (compare with Theorem
5.8 in [4]):

COROLLARY. If E C C™ is pluripolar then E C {u = —oo} for some u €
D(C™).

The main tool in the proof will be the following characterization of the class
D (see [3]): for a negative plurisubharmonic function v we have v € D if and only
if there exists a sequence (or equivalently: for every sequence) u; € PSH N C>
decreasing to u the sequences

(2) (—u)" "2 du; A duj A (ddu;)f AW TR =01, 0 — 2,

are locally uniformly weakly bounded (here w := dd®|z|?).
It follows easily from (2) that (1) is an optimal condition: if x(log|z1]) € D
then by (2) for k = 0 we have

/ (=x(log [¢))"(x"(log [¢]))* |
{I¢l<e}

|<|2 (C) < 00,

which is equivalent to
log e
| oy < .
— 00

A result related to Theorem 1 has been proved by Bedford and Taylor (see [1],
p. 66-69). They namely showed the following:

THEOREM 2. Assume that ¢ : Ry — R, is decreasing and such that
/ M dz < oo.
1 x

Let v be a plurisubharmonic function such that for some negative plurisubharmonic
u we have —(—u¢ou)/™ <wv. Then v € D.

We will now show how Theorem 1 implies Theorem 2. Set

() :;/to\/@ds, t<0.

Then
1 _
v =1, /20D
and thus v : R_ — R_ is convex and increasing. Moreover,
d 1 —1/2
= (to=0)2) = 5 (~(=to(=0)2) T (9(=0) — 19/ (1) < A ().

Therefore y(t) < —(—tp(—t))'/2, t <0. Thus
X(t) = (= ()" < —(=te(—)"",

x : R_ — R_ is convex and increasing, and

| e wra= 5 [ oopa <.

n2
—c0 n"J_c

By Theorem 1 we have xou € D and it is now enough to apply Theorem 1.2 in [3].
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Proof
Theorem 1 will be proved by successive application of the following estimates:

LEMMA. Letv:R — Ry be continuous and such that fi)oo ~(t) dt < co. Set

t 0
f@) :z/ v(s)ds, g(t) ::/t f(s)ds, t<O0,

—00

so that f,g >0, f' =+, ¢ = —f. Assume that K € Q, where Q is a domain in
C™. Let T, S be closed positive currents in Q of bidegree, respectively, (n—1,n—1)
and (n —2,n —2). Then for any negative u € PSH N C*®(Q) we have

(3) /Voudu/\dcu/\Tgcl/gouw/\T,
K Q

(4) /’youdu/\dcu/\ddcu/\SgCQ/foudu/\dcu/\w/\S,
K Q

where C1,Cy are positive constants depending only on K and €.

PROOF. Let ¢ be a nonnegative test function in 2 with ¢ =1 on K. Then

/fyoudu/\dcu/\Tg/gp’youdu/\dcu/\T
K Q

:/god(fou)/\dcu/\T
Q

—/gofouddcu/\Tf/foudcp/\dcu/\T
Q Q

IN

—/foudcp/\dcu/\T
Q
:/dcp/\dc(gou)/\T
Q
:—/gouddccp/\T
Q

SC’l/gouw/\T.
Q

To show (4) we start the same way:

/’youdu/\dcu/\ddcu/\Sg—/gouddccp/\ddcu/\S
K Q
=— [ fouduANduNnddpNS
¥
Q

SC’g/foudu/\dcu/\w/\S.D
Q
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PrROOF OF THEOREM 1. Without loss of generality we may assume that u <
—1 and x(0) = 0 (because subtracting a constant from y does not change (1)). For
kE=0,1,...,n—2 we set v := (—x)""27F(x")**2. Our goal is to show that for
KeQcCrand ue PSHNC>®(Q), u < —1, the following estimate holds

-1
(5) /Kfyk oudu A du A (dd°u)f Awm R < C/ Yo(t)dt |[ul|Lr (),

where C' is a positive constant depending only on K an Q. In view of (2) this will
finish the proof.

By F denote the class of those ~y that satisfy the assumptions of Lemma, that
is v : R — R is continuous and f ~(t)dt < co. For v € F we also define

(Fy)(t) := /_ v(s)ds, teR,

and Flvy:= F ... Fy. Note that since x’(s) < x(s)/s for s < 0, we have v, € F by
(1). We claim that Fy; € F for k > 1. For a < 0 by the Fubini theorem we have

/ / ve(s) ds dt = / /vk )dtds < — / sYk(s) ds.

Hence it follows that for k£ =1,. —
F?y, < Fye-1 onR_.

This implies that Flvy, € F,1=1,...,k+1, and

-1
(6) FF* oy < (Fro)(—1) = / 7o(t)dt on (~oo, —1].

— 00

Using (4) k times we will get

/ vk o udu A du A (ddu)® AW < O(K, Q’)/ (F*y1.) o wdu A d°u Aw™ 1,
K

’

where K € V' € Q. Now set
0
o) = [ (s ds, t<o.
¢
Then by (3)
/ Yk oudu A du A (ddu)f AW < O(K, Q) / gouw™,
K

Q

and by (6)
—1
sy <l [ rols)ds, <o

We thus obtain (5). O
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