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1. Basic definitions and properties

Bergman kernel. Let Q2 be a bounded domain in C" (we will assume it through-
out, unless otherwise stated). By H?(2) we will denote the space L2-integrable
holomorphic functions in Q. For such an f the function |f|? is in particular sub-
harmonic and thus for B(z,r) C §2

2 1 2
1O < Sty PO
Therefore
Cn
and

sup|f < C(K. Q) |If]l, K €

where by ||f|| we denote the L?-norm of f. It follows that the L2-convergence in

H?(Q) implies locally uniform convergence, and thus H?({) is a closed subspace of
L?(Q).
Hence, H?(12) is a separable Hilbert space with the scalar product

(.9) = [ fgar
Q
By (1.1), for a fixed w € Q, the functional
H*(Q) > f+— f(w) €C
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is continuous. Therefore there is a unique element in H?(Q2), which we denote by
Kq(-,w), such that
f(w) = <f7 Kﬂ('vw»’

or equivalently
flw) = | ol 0l dAG),
for every f € H?(Q2). The function

Kqo: OxQ—C

is called the Bergman kernel for the domain 2.
In particular, for f = Kq(-,2) we get

Kqo(w,z) = (Kol 2), Kqo(-,w)) = Kq(z,w).

It follows that Kq(z,w) is holomorphic in z and antiholomorphic in w. By the
Hartogs theorem on separate analyticity the function Kq(+,~) is holomorphic (where
it is defined) and therefore in particular Ko € C*°(Q x Q).

If FF:Q — D is a biholomorphism then the mapping

H?*(D)> f+— foFJacF € H*(Q)

is an isomorphism of the Hilbert spaces and

f(F(w)):/DfKD(-,F(w))d)\:/QfoFKD(-,F(w))oF]JacF|2d)\.

Therefore

(1.2) Kq(z,w) = Kp(F(z), F(w)) Jac F(z) Jac F'(w).
Ezample. In the unit disc A we have

1

w7 Ja )fd)\, feHm*An), r<l.

£(0) =
Therefore 1
ﬂmz/fw,

T JA

that is
KA('a 0) =

3=

For arbitrary w € A we use automorphisms of A

z—w
Ty = )
(2) 1—zw
so that ;! =T_,, and
1— 2
T,(z) = A1

(1—zw)?
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Then by (1.2)

1

Ka(zw) = Ka(2,T-(0)) = Ka(Tw(2),0) T, (2) T}, (w) = 1 —zo)2

More generally, for the unit ball B in C", we similarly have

where A\, = A\(B) = 7" /n!. For w € B we can use the automorphism of B

1+sw
1 —(z,w) ’

where s, = \/1 — |w|? (see e.g. [Ru]). Then T,;! =T_,, and

(1 o |w’2)(n+1)/2

Tu(z) = <M — 1) W+ Sy 2

JacT,(2) = 0= e )i
Therefore
Ka(z,w) = ——Jac To(2) Jac T (w) = "
B(z,w = ac Ty, (2) Jac T, (w = = )

If {¢1} is an orthonormal system in H?2(§2) then

F=Y (for)br, fe€H(Q),
k

and the convergence is also locally uniform. Therefore
Ko(z,w) =Y (Ko(-,w), ¢)éx(z Z¢k
k

and

z) = Z |6(2)]?
!

Exercise 1. Find an orthonormal system for H?(B) and use it to compute in
another way the Bergman kernel for B.

Ezample. For the annulus P = {r < || < 1} we have for j,k € Z

2m 1 0, j#k
<C]’Ck> — / GZ(J_k)tdt / p7+k+1dp — j+ (1 _ r2]+2) j — k # _1
’ ' —2mlogr, j=k=—1.

Therefore {(?};cz is an orthogonal system and we will get

1 1 j(zw)?

1.3 K = -
(13) p(z;w) mzw \ 2log(1/r) jezl—r2i
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More examples can be obtained from the product formula:
KQ1 X ((217 22)7 (wlv w2)) = KQl (217 wl) KQz (Z2’ w2)

which easily follows directly from the definition (here 23 C C™ and Qo C C™).
On the diagonal we have

Ko(z,2) = [|[Ka(, 2)I]> = sup{| f(2)]* : f € H*(), [IfIl <1}.

It follows that log K(z,2) is a smooth plurisubharmonic function in Q. We will
show below that in fact it is strongly plurisubharmonic.

Bergman metric. By B we will denote the Levi form of log Kq(z, 2), that is

62
Bi(2:X) = 5oz o8 Kals + (X2 4 (X)
¢=0
= Z o (1OgKQ_(Z’Z))Xij, zeQ), X eCn
Pyt 82]82k

Theorem 1.1. We have

Bo(z: X) = Ks(w)sup{\fxw Fe HAQ), |If <1, f(2) =0},

where

Z 8z]

Proof. Fix zy € Q, X € C" and set H := H*(1),

H': = {f € H: f(z0) = 0}
"= {f cH : fx(Z()) = 0}
Then H” C H' C H and in both cases the codimension is 1 (note in particular that

(+—20,X) € H"\ H"). Let ¢g, ¢1,... be an orthonormal system in H such that
¢1 € H and ¢ € H"” for k > 2. Since kq = szo |1|?, we have

2
= O 18D lopx P = O 167D bpx b
p P P P
Therefore | (20)?
K. _ 2 B2l X) = 12X

a(20,20) = |#0(20)|", Bg (20, X) 60 (20) 2
This gives <. For the reverse inequality take f € H' with || f|| < 1. Then (f, ¢g) =0
and

F= {f 0p)0p

p>1
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Therefore
|fx (20)] = [{f, d1)01,x(20)] < |P1,x (20)]

and the result follows. O

It follows that Bqo(z; X) > 0 and hence log kg is strongly plurisubhamonic. It is
thus a potential of a Kahler metric which we call the Bergman metric. Length of a
curve v € C'1([0,1],9) in this metric is given by

100 = [ Bolat. )
and the Bergman distance by
dist § (z,w) = inf{l(y) : v € C*([0,1],2), v(0) = 2, ¥(1) = w}.
If F:Q — D is a biholomorphism then
Ba(z X) = Bp(F(2); F'(2).X)

and
dist 5 (2, w) = dist B(F(2), F(w)),

that is the Bergman metric is biholomorphically invariant.

Kobayashi’s construction. Define a mapping
L:Q 3 w— [Ko(,w)] € P(H*(Q)).

It is well defined since Kq(-,w) # 0. One can easily show that ¢ is one-to-one.
For any Hilbert space H one can define the Fubini-Study metric on P(H) as
follows: F'Sp(p) := m. P, where

m:H,> fr—[f] € P(H),
H, = H\ {0} and

o IFI> KF AP
P%(f:F): 1 FII? = — ,

T acoC
One can show that F'Spp) is well defined.
We have the following result of Kobayashi [K]:

feH, FeH.

Theorem 1.2. BQ = L*FS]P(HZ(Q)).
Proof. We have to show that Bg = A* P, where
A: Q3> wr— Kq(-,w) € H*(Q),
that is that Bo(w; X) = P(f; F), where f = Kq(-,w) and F = Dx Kq(-,w) with

Dx being the derivative in direction X € C™ w.r.t. w. Let ¢g,¢1,... be an
orthonormal system chosen as in the proof of Theorem 1.1. Then

[ =ao0(w)do, F = ¢ox(w)po+ ¢1,x(w)o1
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and one can easily show that

|61,x (20) 2

20 p. Iy _
PARE) = |po(20)|?

= Bj(w; X)

by the proof of Theorem 1.1. [

The mapping ¢ embeds 2 equipped with the Bergman metric into infinitely
dimensional manifold P(H?(2)) equipped with the Fubini-Study metric. In partic-
ular, it must be distance decreasing. Since the distance in P(H) is given by

(£, 9)]
d([f1, [g]) = arccos :
A1 gl
we have thus obtained the following:
[Ka(zw)|

Theorem 1.3. dist 5(z,w) > arccos .
\/KQ(Z, 2)Kq(w,w)

Corollary 1.4. If Kq(z,w) =0 then dist §(z,w) > 7/2.
The constant 7/2 in Corollary 1.4 turns out to be optimal, it was shown for the

annulus in [Di2].

Curvature. The sectional curvature of the Bergman metric is given by

(log B)Cf

B |,

Ro(z; X) == — z€Q, X eCr,

where B(¢) = B3(z + (X; X).

Theorem 1.5. We have . @), 171 <1 £6) =0, Fu(s)—0)
Ro(zX)=2— sup{|fxx(2)[* : f € KQ(z,’z) Bé(_z;);') =0, fx(z) =0}

Proof. Fix zp € Q, X € C" and let ¢g, ¢1,... be as in the proof of Theorem 1.1,

satisfying in addition that ¢, € H" for k > 3. Denoting K({) := Kq(z + (X) we
will get

(log(log K)¢e)p  (log(KKee = |Kcl?))
(log K)¢¢ (log K)CC
| KKeeee — [Kee® | KK ge — KeBecl”
K?((log K)¢¢)? K*((log K)¢¢)?
Denoting ¢p,(¢) = ¢p(z + ¢(X) we have K =3 -, lop|? and, for ¢ =0,
K =lpol* Ke=¢op0,  Kee=lool* +1e1l% Koo = (@0,
Kz = oo 9190 Keger = l@ol* + 10117 + o[>
We will get, for ( =0,
/12 20, 1|2
Ka(z0,20) = lpol?,  Bj(z0; X) = }ZZ(];}Q? Ro(20; X) =2 — W
1

We thus obtain < and the reverse inequality can be obtained the same way as in
the proof of Theorem 1.1. [

We conclude in particular that always Rq(z; X) < 2. This estimate is in fact
optimal, as can be shown for the annulus {r < |(| < 1} with » — 0, see [Dil] (and
a simplification in [Z2]).

The following result will be useful:
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Theorem 1.6. Assume that §); is a sequence of domains increasing to Q (that is
Q; C Qj1 and 32, = Q). Then we have locally uniform convergences Kq; —
Ko (in QxQ), Bo,(-,X) — Ba(-,X), Ra,(-,X) — Ra(-,X) (in Q), for every
X eCnm

Proof. 1t is enough to prove the first convergence as the other will then be a conse-
quence of it using the following elementary result: if h; is a sequence of harmonic
functions converging locally uniformly to h then D*h; — D®h locally uniformly
for any multi-index «.

For Q' € Q by the Schwarz inequality for j sufficiently big we have

|Ka, (z,w)|* < Ko, (2,2)Kq,(w,w) < Ko/(2,2) Ko (w,w), z,w € Q'
and thus the sequence Kgq; is locally uniformly bounded in 2 x Q. By the Montel
theorem (applied to holomorphic functions Kq,(-,~)) there is a subsequence of Kq,
converging locally uniformly. Therefore, to conclude the proof it is enough to show

that if Ko — K locally uniformly then K = K.
Fix w € Q. We have

HKXvUOH%%Qq::jﬁg;Hkky(nﬂﬂH%%Qq
< liminf [ Ko, (-, w)[|F2(q,)
j—00
= liminf Kq, (w, w)
j—00

= K(w,w).

Therefore ||K (-, w)||? < K(w,w), in particular K(-,w) € H%(Q) and it remains to
show that for any f € H?(f2)
:/fK@mw
Q
For j big enough we have
/fK w)d\ = /‘fm) w)dA — /fK

:/jw@@m—mﬂmﬁ+kmjmmwwA

—/‘ FE(,w)dA.
Q\Q

The first integral converges to 0, whereas the other two are arbitrarily small if €’
is chosen to be sufficiently close to 2. O

2. The one dimensional case

We assume that € is a bounded domain in C. We first show that in this case
the Bergman kernel can be obtained as a solution of the Dirichlet problem:
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Theorem 2.1. Assume that 2 is reqular. Then for w € Q we have

KQ('a w) = %7

where v is a complex-valued harmonic function in 2, continuous on §2, such that

v(z) = 7), z € 00.

Proof. We have to show that for f € H?(2)

flw) = [ fosar

By Theorem 1.6 we may assume that € is smooth and f is defined in a neighbor-
hood of 2. Then we have

v __! ﬁz:i ﬁz: w
/vazd)\— 2/Qd(f dz) dz = f(w). 0O

21 a0 F — W

The Green function of 2 with pole at w € 2 can be defined as

Ga(-,w) :==sup{v € SH™ () : limsup(v(¢) —log |¢ — w|) < oo}.

(—w

Then Gq(+, w) is a negative subharmonic function in  such that Gq(z,w)—log |z —
w| is harmonic in z. The Green function Gg is symmetric. If € is regular then
Gq(-,w) is continuous on Q \ {w} and vanishes on ).

We have the following relation due to Schiffer:

Theorem 2.2. Away from the diagonal of Q x Q we have

2 0%2Gq
Ko =555

Proof. We may assume that 92 is smooth. The function
1/}(2711}) = GQ(Za U}) - 10g ’Z - w‘
is then smooth in Q x . For a fixed wy € Q set

oY
U= —

a7 wo)

Then u is harmonic in §2, continuous on €2 and

u(z) = 1), z € 0.
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Therefore by Theorem 2.1

20 202G
KQ(‘,U}O) = v = 2

i A

On the diagonal we have the following formula due to Suita [Su]:

Theorem 2.3. We have
_ l 82,09

10207’

Kq(z,z)

where
po(w) = lim (Go(z,w) —log|z — w|)

s the Robin function for Q.

Proof. This in fact follows easily from the previous result: we have

where v is as in the proof of Theorem 2.2. We will get

3209

ﬁ = ¢z2 + 22102@ + ¢wﬂ)~

The result now follows from Theorem 2.2, since % is harmonic in both z and w. O

Suita metric. Assume for a moment that M is a Riemann surface such that the
Green function Gy exists. (This is equivalent to the existence of a nonconstant
bounded subharmonic function on M.) Then for w € M the Robin function

pm(w) = Zh_l};) (GM(Z7U)) —log |z — w|)

is ambiguously defined: it depends on the choice of local coordinates. In fact, if
change local coordinates by z = f({), where f is a local biholomorphism with
f(w) = w, then it is easy to check that

par(w) = par(w) +log [ f'(w)],

where pps(w) is the Robin constant w.r.t. the new coordinates. It follows that the
metric
ePM|dz|

is invariantly defined on M, we call it the Suita metric.
We will analyze the curvature of the Suita metric:

2 (pM ) zZ
62PM

Sy = KePM|dz\ = —

)

which is of course also invariantly defined. Coming back to the case when 2 is a
bounded domain in C, by Theorem 2.3 we have

Kq(z,2)

SQ(Z) = —27TW
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Exercise 3. i) Show that if F': Q — D is a biholomorphism then
po = pp o F +log |F'|.

ii) Prove that if Q is simply connected then Sq = —2.
iit) Set D := ANA(1,r). Forw € D let F, : D — A be biholomorphic and such
that Fy(w) = w. Show that
lim |F) (w)| = 1.

w—1

weD

i) Prove that if Q has a C? boundary then

zli}}?lﬂ SQ(Z) =2

The case of annulus is less trivial and we have the following result of Suita [Su]:
Theorem 2.4. For the annulus P = {r < |(| < 1} we have Sp < —2 in P.

To prove this we will use the theory of elliptic functions.

3. Weierstrass elliptic functions

For wy,ws € C, linearly independent over R, let A := {2jw; + 2kws : (4, k) € Z?}
be the lattice in C. We define the Weierstrass elliptic function P by

P(z) =Pz w1, w) := ziz > <(z—1w>2 ) w12> |

Since X
1 1 —2% + 2wz
— == 7" — O(fw!|?
(z—w)? w2 w(z—w)? (lw]™),
it follows that P is holomorphic in C\ A. From
1 P
(z—w)?2  (z4+w)? (22 - w?)?’

it follows that

We further have

so that
Pz +2w) =P (2) = P'(z + 2ws).

It follows that P(z + 2w;) = P(z) + A for some constant A, but since P(—w;) =
P(w1), we have in fact A = 0, that is

P(z+2w1) =P(z) =Pz + 2wo).
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The differential equation for P. Write

P=z2"2+az?+b2" + O(|2]%)

and
P = 2273 4+ 2az + 4b2% + O(|2]°).
Then
P3 = (272 + a2 +b2%)° + O(|2%) = 276 + 3a272 + 3b + O(|2|?)
and

(P')? = (= 2573+ 20z + 462%)” + O(|2]%) = 427% = 8a272 — 16b + O(|2]?).
Therefore
(P')2 — 4P3 + 20aP + 28b = O(|2]?).

The left-hand side is an entire holomorphic function with periods 2w; and 2ws. It
is thus bounded and hence, by the Liouville theorem, constant. We thus obtained
the following result:

Theorem 3.1. We have
(P')? = 4P® — g2P — g3,

where

1 1
weA, wEA,

Remark. The function P can be also defined using the constants g3, g3 instead of
the half-periods wy, wo by the relation

o 1
z :/ dt.
P(z) VA* — gat — g3
The Weierstrass function ( is determined by
1
¢=-P, ()= +O0(:).

One can easily compute that

@1 (e d)

wEAN

Again, adding any pair from A, with opposite signs we easily get

((=2) = =((2).
Since ('(z + 2w1) = ('(2) = ¢'(z 4 2w2), we have
(3.1) C(z+2w1) = ((2) +2m,  ((z+ 2w2) = ((2) + 2n2

where 71 = ((w1), N2 = ((w2).
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Exercise 4. Show that

i
(32) Mmwsa — N2wW1 = ?

We can also define the Weierstrass elliptic function o by
o'fo=C a(z) = 2+ O(]).

One can easily show that

It follows that
o(—z) = —0o(z2).

From the definition of o and from (3.1) we infer o(z + 2w;) = Be?"?0(z) for some
constant B. Substituting z = —w; we will get B = —e?"*1, so that

o(z + 2wy ) = —e2m ) g (),

and, similarly,
0(2 4 2wy) = —e2 e g (),

The following formula will allow to express pp, where P is an annulus, in terms
of o.

Theorem 3.2. Assume that Im (wy/wy) > 0. Then

2w mz? | w2 oy cos(2nmwy/wy) — cos(mz/w)
3.3 = =1 =
(3.3) o(2) T exp 2w St 21 Tg cos(2nmwy/wy) — 1
and
2 .

m o, . o (2 + 2jwa)
3.4 =, e o)
(3.4) P(z) or + 17 Zsm 2o,

JEZ
Proof. On one hand we have

cos(2nmwsy /wy) — cos(mz/wy) B 1 — 2¢°™ cos % + ¢in
cos(2nmwsy /wy) — 1 a (1— ¢g2n)2 ,

(3.5)

where ¢ := exp(miws/w1). Since |¢| < 1, it follows that the infinite product is
convergent. On the other hand,

2 -2
(36) 1 — 2q2n CcOS E + q4n — 4q2n S]Il 7T(Z + nw2) Sln 7T(Z an) .
w1 2(4.11 2&}1
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Denote the r.h.s. of (3.3) by . We see that both ¢ and ¢ are entire holomorphic
functions with simple zeros at A. It is straightforward that

5(z 4 2w;) = —e2mEHeDF (),

Since 7(z) = z + O(|z|?), to finish the proof of (3.3) it is therefore enough to show
that
5(2 4 2wy) = —e2(EHw2)F (2

and use the Liouville theorem for the function o/c. We have, denoting A =
exp(miz/2w;) and using (3.2)

o(z + 2ws) 2mwe(z +wq) . sin %fl)w)
————" = exp m
a(z) w1 N—-co  gin w
w1
A2q 2(N+1) _

— A2,,.2n2(2+w2
= A?ge®n( )1\}5}100 A2q _q2N+1
and thus (3.3) follows.
To prove (3.4) it is enough to combine (3.3) with (3.5) and (3.6) plus the fact
that P = —(logo)”. O

Proof of Theorem 2.4. We first want to express pp in terms of o. By Myrberg’s
theorem we have

po(w) — p;(2)
1 —po(w)ep;(2)

where ¢; = (ply;)™", p : A — Q is a covering, p~'(U) = U; Vj, U is a small
neighborhood of w, V; are disjoint and ¢o(w) € Vj. Then

)

po = log + og

For Q = P we can take a covering A — P given by

1
p(¢) = exp ( (;irLog < 14:2)) :

Its inverses defined in a neighborhood of the interval (r, 1) are given by

ewi(Log z+2jmi)/ logr __ i ‘
0j(2) = e ) € Z,
It is clear that pp(z) depends only on |z|. We will get
27r n 27 log | z|
3.7 err) = 2|2|log(1/r) . mlog ER= H cosh —COS Thogr
™ logr cosh ?ggf -1
Now choose w; = —logr and ws = wi. By Theorem 3.2 we will obtain

t c
pp(z) = 5 logo(t) + 5152 =: (1),
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where t = —2log |z| € (0,2w;) and ¢ = 71 /w;. By Theorem 2.3

,yll 1 .
(3.8) Kp(z,2) = e prh ;(PjLC)@
Combining this with (1.3)
P je
(t) = TM—H Z -

j—*OO

One can easily check that P(0) = oo and P decreases in (0,w;). We also have
P(2w; —t) = P(t) and P’'(wy) = 0. Set

K
F :zlogﬂ

P 42
=T =log(P + ¢) + 2logo — ct.

Then F(2w; —t) = F(t) and

’P/

F' =
P+ec

+ 2¢ — 2ct.

Since P =t72+0(t?), ¢ =t~ 1+ O(t), we get F'(0) = 0. We also have F'(w;) = 0.
Theorem 3.1 gives (P)? = 4P3 — goP — g3, and thus P = 6P? — go/2. Therefore

(g2 — 12¢®)P — cga + 293 — 4c

(3.9) F" = P+ o

By (3.8) P+ ¢ > 0. We also have F(0) = 0 and we claim that
(3.10) F(wy) > 0.

This will finish the proof because from (3.9) and F'(0) = F'(w1) = 0 we will
conclude that F” has precisely one zero in (0,w;) and thus F’ > 0 there. It thus
remains to show (3.10).

Using (3.7) we may write

™ t it a an, — 1
—log - + L —logsin 21X 41
08 2wy + g — e 2w + Og;[[l an — cos(mt/wy)’

where a,, = cosh(27%n/w;). Then

2 12 S 1 — ay, cos(mt/w)

11 "= 4 2
(3.11) vy SR nzzl n — cos(mt/wy))?

4wy sin (7rt/2w1

and

F =log~" +t—2vy

[e.o]

.o it 1 — ay, cos(mt/wy) — cos(mt/w1)
:log<1+451n22 = )+2Zlog .
2 (

wi “= (an — cos(mt/w1))? n—1
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We will obtain

F 1 1+4 2 log >0. O
)=t (1043 L ) 23 s
In the proof of Theorem 2.4 we showed in particular that
Kp(z,2) = L(73(210g; |z]) + ﬂ),
| z|? w1
where P is the Weierstrass function with half-periods w; = —logr and wy = mi. In

fact, we can show a similar formula also away from the diagonal and characterize
precisely the zeros of Kp (compare with [R] and [Sk]):

Theorem 3.4. We have

where
(3.12) h(\) = P(log \) + 1

w1

The function h has exactly two simple zeros in the annulus {r* < |\| < 1}, both on
the interval (—r2,—1).

Proof. Let ¢; be as in the proof of Theorem 2.4. After some calculations we will

get
Zlog 1-fj(w/z) w/z)
iez 1= fj(zw)
where (Log( + 2jri)
‘ - mi(Log ( + 2y
Ji (¢) = exp log 7 .

By Theorem 2.2 we will get (also after some calculations)

. fi(\)
Kp(z,w) = Mog? r % (1= f;(A)?

where A = zw. Since
e 1

(1—e*)?  4sin?(ia/2)’

we will get

m(Log A + 2ji)
S

3.13 h(\
( ) 2logr

4log r

and (3.12) follows from Theorem 3.2.
By (1.3) we have
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It follows in particular that h is real-valued for real A and that h(r?/)\) = h(\).
We also have fj(—r) = —q~ 23+ and fi(=1) = g~ it where ¢ = o’/ logr
Therefore by (3.13)

2 2j+1

7T q
h(—r) = . > 0,
- o &
2 2j+1
h(-1) =h(—r?) = -—- Y T __ <o
( ) ( ) log2 r = (1 _ q2j+1)2

This implies that there are two simple zeros on the interval (—1, —r?). The following
result guarantees that there are no more than two in the annulus {r? < |\| < 1}:

Proposition 3.5. In the parallelogram {2twi +2sws : s,t € [0,1)} the Weierstrass
function P attains every value exactly twice (counting with multiplicities).

Proof. For any complex number w let C' be an oriented contour given by the bound-
ary of this parallelogram moved slightly, so that it doesn’t contain neither zeros nor

poles of P — w. Then
!/
1/ PG 4y p
2mi Jo P(z) —w

where Z is the number of zeros an P the number of poles of P inside C'. We have
P = 2 because P has precisely one double pole inside C. On the other hand, since
the function under the sign of integration is doubly periodic with periods 2w; and
2wo, it follows easily that the integral must vanish. [

4. Suita conjecture

The Suita conjecture [Su| asserts that Sq < —2, that is that

e?r2?) < 1Kq(z, 2).

By approximation it is enough to prove the estimate for domains with smooth
boundary. The conjecture is still open. Ohsawa [O] showed, using the theory of
the d-equation, that

2P0 ®) < 7501 Ko (2, 2).

We want to prove the following improvement from [B13]:

Theorem 4.1. We have
e?2?) < 91 Kq(z, 2),

that is S < —1.

We may assume that € has smooth boundary. We will use the weighted O-
Neumann operator and an approach of Berndtsson [B1]. Denote

a2 Oa
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If ¢ is smooth in © then the formal adjoint to 0 with respect to the scalar product
in L?(Q,e™%) is given by

o= —ef0(e ¥a) = —0a+ adp.

The complex Laplacian in L?(£2,e~%) is defined by

Oa = —00%a = 00a — dpda — addp.
The following formula relating [ to the standard Laplacian can be proved by direct
computation:

Proposition 4.2.

99(|a)*e?) = (2Re (@ Oa) + |0a® + [0*al* + [a?00¢p) e™¢. O

We may assume that 0 € 2. If ¢ is subharmonic (which we assume from now
on) then by PDEs we can find N € C*°(Q\ {0}) N L' (Q) such that

ON = ge‘P(O)(SO, N =0 on dQ.

(The constant 7/2 is chosen so that N = G, where G = Gq(+,0), if ¢ =0.)
The key in the proof of Theorem 4.1 will be the following estimate of Berndtsson
[B1]:

Theorem 4.3. |N|? < e#t#(0)G2,

Proof. Set
u:=|a?e™® +e.

Then o
|ou| = |ada + ad*ale™? < |a|(|0al + |0*al)e™?

and by Proposition 4.2

20(ul/?) = %u_lmaéu - %u_?’/2|3u|2

1 = = 1, = =
> iu_3/2|a|2[2Re (a0a) + [0a)* + 0% al? — §(|3o¢| + 0% al)?]e ¢
> 42| 2|0l
> —|Oale¥/2

Now approximating N by smooth functions and letting ¢ — 0 we will get
99 (_,N|6—(<p+<p<o>)/2) < 250 — 959G

and the theorem follows. [

Proof of Theorem 4.1. Set
v :=2(log|z| — G).
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Then ¢ is harmonic in Q, smooth on Q and
©(0) = =2pa(0).

For harmonic weights the operators 0 and its adjoint commute

Therefore .
(e ¥ON) = d(—e *V§*N) = 200

It follows that the function
f = 2ze " PON

is holomorphic in €2, smooth on 2, and, since 9(2f/z — 1/z) =0, f(0) = 1/2.
Using the fact that both |N|?e~% and its derivative vanish on 9, integration
by parts and Proposition 4.1 give

/ |N[2e=08(|2|2e~#)dA = / F2(N] + [T NR)e-2d) > / 1F[2dA.
Q Q Q
On the other hand, we have |z|?e~% = €2¢ and by Theorem 4.3
/ N [2e=208(|2|2e=?)dA < e#© / G200e2C ).
Q Q

We need the following simple lemma.

Lemma 4.4. For every integrable v : (—00,0) — R we have

0
/VOGWGM:QW/ y(t)dt.
Q

Proof. Let x : (—00,0) — R be such that x’ =~ and x(—o00) = 0. Then

/fyoG]VGPd)\:/(V(XoG),VG>d)\:/ 028 4o = 2my(0). DO
Q Q o0 on

End of proof of Theorem 4.1. It follows that

/ G?00e*C d)\ = / G2e2C|VG[2d) = =
Q Q 2

and thus
/ 1£[2dA < Zee©),
Q 2

from which the required estimate immediately follows. [
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5. Hormander’s L?-estimate for the d-equation

We will first sketch the classical theory of the d-equation from [H&] in the special
case p = ¢ = 0, namely we consider the equation

ou = a,
where
n
o = Z Oéjd?j
j=1
is a (0, 1)-form satisfying the necessary condition
da = 0.

We will first show how to slightly modify the proof of Lemma 4.4.1 in [H6| to
obtain the following slight improvement:

Theorem 5.1. Assume that Q is a pseudoconvex domain in C™ (not necessar-
ily bounded). Let ¢ be a C? strongly plurisubharmonic function in Q and a €
L. © 1)(9) with O = 0. Then there exists u € L} (Q) with Ou = « and such that

(5.1) /Q\u|2e_¢’d/\§/Q|a|?88@e_“"d)\,

where
n

.
lal?y5, = > e
Jk=1

is the length of the form o w.r.t. the Kdhler metric i00p (here (%) is the inverse
transposed of (0%¢/0z;0zy) ).

Sketch of proof. If the right hand-side of (5.1) is not finite it is enough to apply
Theorem 4.2.2. in [H6|, we may thus assume that it is finite and even equal to
1. We follow the proof of Lemma 4.4.1 in [H6] and its notation: the function s is
smooth, strongly plurisubharmonic in Q and such that Q, := {s < a} € Q for every
a € R. We fix a > 0 and choose n, € C§°(Q2), v = 1,2,..., such that 0 <7, <1
and Q41 C {n, =1} T Qas v T co. Let v € C*(Q) vanish in 2, and satisfy
|on, |2 <e¥, v=1,2,..., and let Y € C*(R) be convex and such that y = 0 on
(—00,a), xos > 2y and ' 0 5i00s > (1 + a)|0|?i00|z|>. This implies that with
¢’ := ¢+ x os we have in particular

(5.2) i00¢’ > i00p + (1 + a)|0y|*i00|z|>.
The O-operator gives the densely defined operators 7' and S between Hilbert spaces:
T S
LA(Q, 1) — L%O,l)(Q7 p2) — L%og)(Qv ©3),

where p; :=¢' + (j — 3)¢¥, j =1,2,3. (Recall that, if

li
F= Z Fydzy NdZg € Li,e (),
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then

!
IFI>=> " |Fsxl,
JK

L%I%Q) (Q’ (‘0) = {F € leoc,(p,q)(Q) : HFH?O = /g; |F‘2€_<Pd)\ < OO},

FG(p — QZFJKGJK(B wdA FGGL(pq)(Q7SD))
J K

For f = Zj fidz; € C’é’o(o 1)(Q) one can then compute

of;  Ofi|’ of 8f fy
2 _ o);  Y9Jk J oJj
(53) |Sf| N Z 0z, 0z Z ‘azk 8zk 82
i<k J
and o
T f = _;5jfj - Zj:fjaz’
where 3 3 8
O N
djw:=e 5, (we™® ) = 5z, 8,2]
Therefore
(5.4) |Zé il < L+ a e | T P + (14 a)| f17|09).

Integrating by parts we get
0% . Of; Of /
8; fi2e " dx = L=k emed.
/ |Z ifile /Z<823 +8zk 0z; ¢
Combining this with (5.2)-(5.4) we arrive at

82 / .
5:5) /Zaz BT P < (1 a HIT IR, + IS,
.7

We have
(5.6) Za]fa < lal3s, Z f]fk

Hence, from the Schwarz inequality, (5.5) and from the fact that ¢ — 2¢y < —¢’
we obtain

(5.7) o, Flga* < A+ a™DITAIIZ, + 1SS,

for all f € Cg% 1)(€2) and thus also for all f € Dy« N Dg (recall that we have
assumed that the right hand-side of (5.1) is 1).
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If ' € L%O,l)(Q7 p2) is orthogonal to the kernel of S then it is also orthogonal

to the range of T' and thus T* f’ = 0. Moreover, since Sa = 0, we then also have
(a, f)p, = 0. Therefore by (5.7)

(. fleol < VI+a [T fllg,,  f € Dre.

By the Hahn-Banach theorem there exists u, € L*(Q, 1) with ||ug||p, < V14 a!
and

(a, [y = (Ua, T" f)o,, f € Dr-.

This means that T'u, = « and, since @1 > ¢ with equality in €2,, we have

/ lug|?e™¥d\ < 1+a"t.

a

We may thus find a sequence a; T oo and u € L? () such that Uq, converges
weakly to u in L?(Qy, p) = L?(Q,) for every a. O

It will be convenient to have a version of Theorem 5.1 for nonsmooth ¢. Note
that (5.6) holds pointwise for every f precisely when

iaNa< |a|?ag<pi85g0.

This observation allows to formulate the following generalization of Theorem 5.1:

Theorem 5.1°. Assume that € is pseudoconver and ¢ plurisubharmonic in €. Let

a€ leoc,(O,l)(Q) be such that da = 0 and
(5.8) ia ANa < hifdyp

for some nonnegative function h € L}, .(Y) such that the right hand-side of (5.8)
makes sense as a current of order 0 (that is the coefficients of hiddp are complex

measures; this is always the case if h is locally bounded). Then there exists u €

L2 () with Ou = « and
/ lul?e™?d\ < / he%d\.
Q Q

Proof. First assume that ¢ is strongly plurisubharmonic (but otherwise arbitrary,
that is possibly even not locally bounded). By the Radon-Nikodym theorem there
exists 3 =}, Bjridz; N dzy € L. (1,1)(€2) such that 0 < 8 < i00p and i@ A a <

hf3. For € > 0 let a(e) be such that . := @ * p. € C(Qy()) (where € is as in the
proof of Theorem 5.1). Set h, := |O‘|?aé<p , so that h is the least function satisfying

i Ao < hoi00p.. By Theorem 5.1 we can find u, € L%OC(Qa(g)) such that Ou, = «

in Qa(a) and
[ upeeas [
Q Q

a(e) a(e)

hee™%Ped)\ < / hee™PdA.
Qa(s)
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We have 3. := 3 % p. < i00p, and the coefficients of 3. converge pointwise almost
everywhere to the respective coefficients of 3. Therefore

lim he < 21_%2 BlRaon =Y A < b,
j7k ]7k

where (ﬁjk) and (ﬁgk) denote the inverse matrices of (8;x) and (B * pc), respec-
tively. By the Fatou lemma we thus have
lim luz|?e”%=d\ < / he™?d\.
e—0 Qo) Q

Since (. is decreasing as decreases to 0, we see that the L?(Q,, pz) norm of u. is
bounded for every € < £ and fixed a and £. Therefore, we can find a subsequence
ue, converging weakly in Q, for every a to u € L? (). Moreover, for every § > 0,
and [ sufficiently big we then have

/ lu|?e™ e d) < 5+/ he™%d\
Q

a

and thus by the Lebesgue monotone convergence theorem we can conclude the proof
for strongly plurisubharmonic ¢.

If ¢ is not necessarily strongly plurisubharmonic then we may approximate it by
functions of the form ¢ +¢|z|?. Note that ia Ao < hidd(p +€|z|?) and the general
case easily follows along the same lines as before. [

The next result is due to Berndtsson [B2] (see also [B3]).

Theorem 5.2. Let Q, ¢, a and h be as in Theorem 5.1°. Fiz r € (0,1) and
assume in addition that —e=%/" € PSH(Q). Then for any 1 € PSH(Q) we can
find uw € L? (Q) with Ou = a and

loc
1
2 0—9 p—1
ul“e d\ < / he dA.
/Q u (1—=v7)? Jgo

Proof. Approximating —e~%/" and 1 in the same way as in the proof of Theorem
5.1” we may assume that ¢ and 1 are smooth up to the boundary. Then we have
in particular L?(Q) = L?(, ap + by) for real a,b and —e~%/" € PSH () means
precisely that

i0p A Op < 1i00.

Let u be the solution to du = a which is minimal in the L?(2,) norm. This means
that

/ ufe Yd\ =0, fe H*Q).
Q

Set v := e®u. Then

/ vfe P Yd\ =0, fe H*Q),
Q

thus v is the minimal solution in the L2(£, ¢ + ) norm to dv = 3, where

B = 0(e?u) = e?(a + udyp).
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For every t > 0 we have

iBAB <1+t yia Aa+ (1+t)|ul?iddy]
<e*[(1+t Hh+ (1 + t)r|ul*liody
<[+t Hh+ (1 +t)r|u*1i0d(p + ).

Therefore by Theorem 5.1
/’“‘26%7%”:/ [vPe™ 7 dA < (1+t1)/ he“”wd)\+(1+t)r/ [uf?e? = d.
Q Q Q o

For t = r~1/2 — 1 we obtain the required result. [

Applying Theorem 5.2 with » = 1/4 and ¢, ¥ replaced with /4,1 +¢/4, respec-
tively, we obtain the following estimate essentially due to Donnelly and Fefferman
[DF].

Theorem 5.3. Let ), ¢, a and h satisfy the assumptions of Theorem 5.1°. Assume
moreover that —e~% € PSH(Q). Then for any ¢ € PSH(Q) we can find u €
L} (Q) with Ou = o and

/yuPe—wdA < 16/ he=Ydx. O
Q Q

One can improve the constants in Theorems 5.2 and 5.3 to 4r/(1 — r)? and 4,
respectively (see [Bl1]).

Exercise 5. Letn =1 and ¢ = —log(—log|z|). Show that u = Z is the minimal
solution in L?(A, @) of the equation Ou = dz. Prove that

/|uy2dA=2/ |0ul 95,4\
A A

and conclude that the constant in Theorem 5.3 cannot be better than 2.

6. Bergman completeness

Domains complete w.r.t. the Bergman metric are called Bergman complete.
Proposition 6.1. Every Bergman complete domain is pseudoconvex.

Proof. If € is not pseudoconvex then by the definition of a domain of holomorhpy
there are domains 21,9 such that D #£Q CcOQNQ, O ¢ Q and for every f
holomorphic in €2 there exists f holomorphic in 5 such that f = f on ;. We may
assume that €q is a connected component of Q2N such that the set Qo NONN O
is nonempty. Since Kq(-,~) is holomorphic in £ x Q*, it follows that there exists
K € C™(Qy x Q) such that K(-,7) is holomorphic in Qy x Qf and K = Kq in
Q1 x Q4. This means that every sequence z — Q5 NINNIQ, is a Cauchy sequence
with respect to dist o, which contradicts the completeness of 2. [



24 ZBIGNIEW BLOCKI

The converse is not true as the following exercise shows:

Exercise 6. Show that every function from H?(A\ {0}) extends to a function in
H?(A). Conclude that A\ {0} is not Bergman complete.

The main tool for the Bergman completeness is the following criterion of Koba-
yashi [K] (from now on we again assume that € is a bounded domain in C"):

Theorem 6.2. Assume that

-
(6.1) ZErng—O, fe H*Q).

Then ) is Bergman complete.

Proof. Let z, be a Cauchy sequence in Q (with respect to the Bergman metric).
Suppose that z; has no accumulation point in §2. It is easy to check that this is
equivalent to the fact that z — 9. By Theorem 1.2 ¢(z;) is a Cauchy sequence in
P(H?(Q)) which is a complete metric space. It follows that there is f € H?(Q2)\ {0}
such that ¢(zx) — (f). Therefore

| f(ze)|?
Ko(zk, 2)

Ko(-, z1)
Kaq(zk, 2k)

as k — oo, which contradicts the assumption of the theorem. [

=[(f. WP 1I£112

Zwonek [Z1] (see also [J]) showed that there exists a Bergman complete domain
in C which does not satisfy (6.1). On the other hand, from the above proof it is
clear that one can weaken (6.1) to

: 1f(2)]? 2 2
6.1’ limsup ———— < , € H(Q 0}.
(6.1) meup L <1 S e HA@)\ (0)
It is not known if there exists a Bergman complete domain not satisfying (6.1’).
Similarly as in the one-dimensional case one defines the pluricomplex Green

function of 2 with pole at w € Q as
Ga(-,w) := sup Fy,

where

Fuw:i={ve PSH™(Q) : limsup(v(¢) — log|¢ — w|) < oc}.

(—w

Then Gq(-,w) € F, but Ggq is not symmetric in general. We have the following
estimate due to Herbort [H]:

Theorem 6.3. For f € H*(Q) and w € Q, where § is pseudoconvez, we have

2
Ko (w,w) {Ga(-w)<—1}
Proof. We will use Theorem 5.3 with ¢ := —log(—g) and ¢ := 2ng, where g :=

Gq.w- Since g is a locally bounded plurisubharmonic function in Q\ {w}, it follows
that dg € L%oc,(m)(Q \ {w}). Set

a:=0(f-yog)=f-70ogdge Lch)cy(O»l)(Q)’
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where v € C*°(R) is such that y(¢) = 0 for t > —1, v(t) = 1 for t < —3 and
—1 <+ <0. We have
iaha=|[f*(y 0g)%dg ndg < |fP(Y o g)*g*i00.

By Theorem 5.3 we can find u € L? (Q) with Ou = a and

loc

[ uPemoin <16 [ |2 0 gge 2
Q Q

Therefore
ull L2y < 12¢*™|| £l L2 ((g<—1})-

The function f-vog—u is equal almost everywhere to a holomorphic f Moreover,
since e~ ¥ is not locally integrable near w it follows that f(w) = f(w). Therefore

|/ (w)]

<|IfI < (L4126 fl L2 (qg<—1py- O
Kqo(w,w)

From Theorems 6.2 and 6.3 we easily deduce the following (see [C1], [BP], [H]):
Corollary 6.4. If pseudoconvex € satisfies

(6.1) im A({Ga(,w) < 1)) =0

then it is Bergman complete. [

One can show that hyperconvex domains (that is domains admitting bounded
plurisubharmonic exhaustion function) satisfy (6.1), and thus are Bergman com-
plete (see [C1], [BP] and [H]).

For f =1 Theorem 6.3 gives

1
Ko(w,w) > e AN{Ga (- w) < —11})

and thus in particular

(6.2) wlggg Kqo(w,w) = oo

for hyperconvex €2 (this is originally due to Ohsawa [O]).
The following result was proved in [C2]:

Theorem 6.5. If n =1 and Q satisfies (6.2) then it is Bergman complete.

Exercise 7. Using the Hartogs triangle {(z,w) € C% : 0 < |z| < |w| < 1} show
that Theorem 6.5 does not hold for n > 1.

For the proof of Theorem 6.5 we will need the following:

Lemma 6.6. Assume that f € H*(Q)) and let U C B(zo,r) be such that QU U is
a pseudoconver domain contained in B(zg, R). Then there erists F € H*(QUU)
such that

4
(6.3) I[F' = fllz2@) < (1+@)||f||L2(QmB(ZO7R\/rTR)-
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Proof. Assume for simplicity that zp = 0. We will use Theorem 5.3 with ¢ =
—log(—1log(|z|/R)), ¥ = 0 and

a=09(fyop)= [ opdp,

where
0, t < —log(—log(r/R))
v(t) = W’ —log(—log(r/R)) < t < —log(—log(r/R)) + log 2
1, t > —log(—log(r/R)) + log 2.

Then vo ¢ =0 in B(0,7) and thus « is well defined in Q UU. We also have
iana=|fP( op)%ide Ndp <|fI*( 0 p)*iddp.

From Theorem 5.3 we obtain u with du = « and

/ ul?d) < 16 / FP( 0 9)%dn
QUU Q

For F:= f~ o0 @ — u the desired estimate now easily follows. [

The point in Lemma 6.6 is that Q U U is pseudoconvex and that the r.h.s. con-
verges to 0 as r — 0. For zy € 912 one can always find an appropriate neighborhood
basis provided that n = 1.

Proof of Theorem 6.5. Fix f € H*(Q), 2o € 02 and £ > 0. By Lemma 6.6 we can
find f € H?(Q) which is bounded near zy and such that ||f — f|| < e. For z € Q

we have

£ (2)] ra 1/ (2)|
Ko(.2) <f=fll+ Kol 2)
and thus by (6.2)
lim sup |£(2) <e

22— 20 KQ(Z, Z)
It is now enough to use Theorem 6.2. [J

Our next goal is to prove the following relation between the Bergman distance
and the Green function from [B12]:

Theorem 6.7. Assume that wi,ws € ), where € is pseudoconvex, are such that
{Ga(,w1) < =1} N{Ga(-,w2) < =1} = 0. Then dist 5 (w1, ws) > by, > 0.

Proof. Set f:= Ka(-,w2)//Ka(ws, w2) (so that || f[| = 1), ¢:= —log(—=Ga(-,w1))
and ¢ := 2n(Gq(-,w1) + Ga(-,w2)). Let v € C*°(R) be such that v =0 for ¢t > 0,
v=1fort < —2and —1 < v < 0. Then by Theorem 5.3 we can find u with
Ou = O(f o) and

/ ul?e™dXx < 16 / IF2(7 0 )% VdA < 16e7",
Q Q

where the last inequality follows from the assumption, since on {7 o ¢ # 0} C
{-2 < ¢ < 0} we have ¢ > —2n(e? + 1). Therefore u(w;) = u(wz) = 0 and
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F := f~ o0y —u is holomorphic with F(w;) = f(w;), F(ws) = 0. We also have
||[F|| <1+ 4elom,

Note that (F, f) = F(ws2)/+/Ka(ws2,w2) = 0. We can therefore find an or-
thonormal basis ¢g, ¢1, ... such that g = f and p; = F/||F||. It follows that

F(2)|?
Kalz.2) > |7 + T
1]
Now by Theorem 1.3
F F
dist 5 (wy, wy) > arccos |F ()l > arccos [all

v Ka(wi, wr) VIHIIE[?

7. Ohsawa-Takegoshi extension theorem

The Ohsawa-Takegoshi extension theorem [OT] turned out to be one of the main
tools in complex analysis:

Theorem 7.1. Let Q be a bounded pseudoconvex domain and H a complex hyper-
plane in C". Set Q' := QN H and assume that ¢ is a plurisubharmonic function
in Q. Then for every holomorphic f in Q' there exists a holomorphic F in Q such
that F|o = f and

/ |F|2e=?dA < C [ |f]2e ¥ adN,
Q QY

where ' = @|q/, dN' is the Lebesgue measure on ' and C depends only on n and
the diameter of ).

Sketch of proof. We follow Berndtsson [B4] (see also [B2]). Without loss of gener-
ality we may assume that H = {z; = 0} and Q C {|z1] < 1}. By approximating
from inside and ¢ from above we may assume that € is a strongly pseudoconvex
domain with smooth boundary, ¢ is smooth up to the boundary, and f is defined
in a neighborhood of € in H. Then it follows that f extends to some holomorphic
function in Q (we may use Hérmander’s estimate with o = 9(x(z1)f(2")), x = 1
near 0 but with support sufficiently close to 0, ¢ = 2log |z1| will ensure that u =0
on H).

Let F € H?(Q,e %) := O(Q) N L%(,e~ %) be the function satisfying F = f on
H with minimal norm in L?(Q,e~%). Then F is perpendicular to functions from
H?(Q, e~%) vanishing on H, and it is thus perpendicular to the space z; H?(Q, e~%).
This means that z;F is perpendicular to H?(Q,e~%). Since (H%(Q,e %))+ =
(ker @) is equal to the range of @, we have @ o = 1 F for some o € L%0,1) (Q,e7%).

Choose such o with the minimal norm. Then « is perpendicular to ker 5*, and thus
Oa = 0. We have

/Q|F|Qe_‘Fd)\ — (F/2,07a),_, = (3(F/=),a),_, = (FO(1/z1),a)._,

2

1/2 1/
=7 [ fare ¥dN <7 </ |f|2e_‘pd)\’> (/ \a1|26_‘pd)\/> .
% o o



28 ZBIGNIEW BLOCKI

It is thus enough to estimate fQ, la1]?e=?d)N'. We will use the Bochner-Kodaira
technique (terminology of Siu [S2], see [B2] for details). One may compute that

> (ajare™)
= <—2Re (08 a-a)+ |0 al®+ Z a5 = [0a)® + Z ij;;ajak> e .

Integrating by parts and computing further one can show that for any (sufficiently
regular) function w

do

wpajage P d\ — / praiane Pw —

/QZ Jk™ aQZ kG |8p|
= /Q <—2Re (55*(1 ca) + |5*a|2 + Z ’O‘j,l?:|2 — [0al? + Z Soj]:;ajak) e Pwd),

where p is a defining function or . In our case we have da = 0, 0= zZ1F, and
if we take negative w depending only on z;, then

(7.1) /w11|a1|2e_“’d)\§—2Re/Fale_‘pwd)\
Q Q

(since we may choose plurisubharmonic p). Set
w = 2log |z1| + |z1]|*° — 1,

where 0 < § < 1. Then w7 = 78} + 62|21|**~2 and for t > 0
7 [ |oa|?ePdN + 52/ lo 22122 2e%dN <
o Q
1
t/ |F|26_“0d)\+/ oy [Pw?e P d.
0 tJa

Choosing ¢ with w? < 6%¢|21|*~2 in {|z1] < 1} and combining this with (7.1) we
arrive at

/|F|2e_“’d>\§t7r f[2e=2dx. O
Q Q/

It is clear that iterating Theorem 7.1 we may take H to be an arbitrary complex
affine subspace in C™, even a point.
The original motivation behind [OT] was the following estimate:

Theorem 7.2. Assume that Q is a bounded pseudoconvex domain with C? bound-
ary. Then

1

. >
(72) Ko 2 G (2,00)2

where C' is a constant depending on €.

Proof. Tt follows almost immediately from Theorem 1.1. For let r > 0 be such that
for any w € 09 there exists w* € C™ \ Q such that QN B(w*,r) = {w}. If z € Q,
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w € 09 is such that dist (z,09) = |z — w|, and w* is as above then z, w, and w*
lie on the same line (normal to 02 at w). For the corresponding complex line H
and ' = QN H we obtain

1 1

Ko(z) > CTZKQ/(Z) ?QKC\Z(O,T)(T + ]2 —wl)

Y

,r.2

= g
mCqdist (z,00)2(2r + dist (z,00))?

The exponent 2 in (7.2) is optimal (for example it cannot be improved for a
domain whose boundary near the origin is given by |21 — 1| = 0). Previously a
weaker form of (7.2) was proved by Pflug [P] using Hérmander’s estimate (with
arbitrary exponent lower than 2).

Demailly approximation. In the proof of Theorem 7.2 we used Theorem 7.1
only with ¢ = 0. The fact that the weight may be an arbitrary plurisubharmonic
function was used by Demailly [D] to introduce a new type of regularization of
plurisubharmonic functions: by smooth plurisubharmonic functions with analytic
singularities (that is functions that locally can be written in the form log(| f1|>+- - -+
| fx|?) +u, where f1,..., fr are holomorphic and u is C° smooth) which have very
similar singularities to the initial function. The Demailly approximation turned out
to be an important tool in complex geometry, see e.g. [D], [DPS] or [DP]. Demailly
[D] presented also a simple proof of the Siu theorem on analyticity of level sets
of Lelong numbers of plurisubharmonic functions ([S1], see also [H6]). As we will
see below, the Demailly approximation shows that the Siu theorem follows rather
easily from Theorem 7.1 applied when H is just a point.
Recall that the Lelong number of p € PSH(Q) at zy € 2 is defined by

T
Vy(20) = lim & = lim % (ZO),
2—20 log |Z - ZO‘ r—0t 10g7“

where for » > 0 we use the notation

©"(z) := max ¢, z€Q, :={q>r}.
B(z,r)

One can show that ¢" is a plurisubharmonic continuous function in €2,., decreasing

to ¢ as r decreases to 0. Now we are in position to prove a result from [D]:

Theorem 7.3. For a plurisubharmonic function ¢ in a bounded pseudoconvex do-
main Q in C*" and m=1,2... set

1

Y o= 2m

1
log Koo-ane = 5 logsup([f £ € O(@), [ 7% <1),
m Q
Then there exist Cq,Co > 0 depending only on 2 such that
C 1 C
(7.3) p—— <pm <+ —log—=  in Q.
m m rh
In particular, o, — @ pointwise and in L} (Q). Moreover,

loc

(7.4) Vo — % <, <v, in €.
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Proof. First note that (7.4) is an easy consequence of (7.3): by the first inequality
in (7.3) we get v,,, < Vy_c, /m = Vy, and by the second one

1
or < o* 4+ —log
m

rn’

thus v, —n/m <wv,, .
By Theorem 7.1 for every z € € there exists f € O(Q2) with f(z) # 0 and

[ 187e72mean < Calf)Pe e,
Q

We may choose f so that the right-hand side is equal to 1. Then

1

log C
QmOgQ

om(z) > - log|f(2)| = (2)

and we get the first inequality in (7.3).
To get the second one we observe that for any holomorphic f the function |f|?
is in particular subharmonic and thus for z € €0,

1 n! .
FOP < sy [ IPans e @ [ ey
MB(2,7)) JB () anp2n B

Taking the logarithm and multiplying by 1/(2m) we will easily get the second
inequality in (7.3). O

By (7.4) for any real ¢ we have
n
(7.5) {vy, >c} = ﬂ{Vsam >c— E}
If {o;} is an orthonormal basis in H?(2,e™?"%) then

(7.6) Kqe-2me = Y _ |oj]?
J

and one can show that

Vo, ze= Y= ) ("0 =0}

la|<me—n J

Therefore (7.5) is an analytic subset of €2, which gives the Siu theorem [S1]:

Theorem 7.4. For any plurisubharmonic function ¢ and a real number ¢ the set
{vy, > ¢} is analytic. O

The following sub-additivity property was proved in [DPS]. It also relies on the
extension theorem, here however we will be using it for the diagonal of £ x €.

Theorem 7.5. With the notation of Theorem 4.1 there exists C3 > 0, depending
only on €2, such that

(ml + m2)90m1+m2 < C13 + mi1¥m, + ma2@ms-
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Proof. Take f € H?(Q, e 2(m1+m2)¢) with norm < 1. If we embed Q in Q x Q as
the diagonal then by Theorem 7.1 there exists F' holomorphic in 2 x € such that
F(z,2z) = f(z), z € Q, and

(1) [ FGw)Pe e )dA ) < C(= Caxa),
QAxO

If {c;} is an orthonormal basis in H?(Q, e~ ?™1%m1) and {0}, } an orthonormal basis
in H?(2, e~2™1%m2) then one can easily check that {o;(2)o}(w)} is an orthonormal
basis in H2(Q x Q, e~ 2m1#m1 (2)=2m2¢m, (W) We may write

F(z,w) =) cjuo; ()0 (w)
3ok

and by (7.7)

> le < C.

gk

Therefore by the Schwarz inequality

fE)P = F(z2) <CY loj(z)P Y log(2) P = CePrmaemiGle2maens(2)
J k

(using (7.6)). Since f was arbitrary, the theorem follows with C3 = (log C)/2. O
Corollary 7.6. The sequence pqr + C3/25+1 is decreasing. [

It is an open problem if the whole sequence ¢,, from Theorem 7.3 (perhaps
modified by constants as in Corollary 7.6) is decreasing.
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