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ON THE OHSAWA-TAKEGOSHI EXTENSION THEOREM

BY ZBIGNIEW BLOCKI

Abstract. Motivated by a recent work by B.-Y.Chen we prove a new
estimate for the O-operator, which easily implies the Ohsawa—Takegoshi
extension theorem. We essentially only use the classical Hormander esti-
mate. This method gives the same constant as the one recently obtained
by Guan—Zhou—Zhu.

1. Introduction. The Ohsawa-Takegoshi extension theorem [14] turned
out to be one of the most important results in complex analysis and geometry.
There have been various simplifications of its proof (see e.g. [1]) but the crucial
one is due to B.-Y. Chen [8], who recently showed that it follows directly from
Hoérmander’s estimate for the 0-equation. Using some of his ideas we obtain
a generalization of an estimate due to Berndtsson [1] (see Theorem [1| below),
from which the Ohsawa—Takegoshi theorem can be deduced directly.

We are also interested in the conjecture formulated by Suita [15]: for a
bounded domain D in C one has

02D S 7TKD.
Here
cp(z) = exp(}ig;(GD(C, z) —log|¢ — z[)),

where Gp(-, z) is the (negative) Green function with pole at z € D, and

Kp(z) = sup{|f(2)|* : f holomorphic in D, / |f]?d\ < 1}
D

is the Bergman kernel. Its relation to the extension theorem was found by
Ohsawa [13] who, using methods of the d-equation, showed the estimate
(1) c;, <CnKp
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with C' = 750. It was improved in [6] to C' = 2 and recently to C' = 1.95388...
by Guan-Zhou-Zhu, as announced in [11]. We show, see Theorem 4| below, a
result which covers both the Ohsawa—Takegoshi result and with the same
constant as in [11] (Theorem |4 below was originally shown in [9] with C' = 4).

2. The estimate for the J-equation. Let Q be a pseudoconvex domain
in C" and assume that

a = Zajdzj S LZQOC,(O,I) (Q)

_ J
satisfies da = 0. We are looking for solutions of

(2) ou=a

with L%-estimates. The classical one is due to Hormander [12]: for any
plurisubharmonic ¢ in €2 we can find v with

(3) /Q lu2e~2d) < /Q a5,

For C?2, strongly plurisubharmonic ¢ we have
2 ik ~
a5, = > ¢ ajay,
3.k

where (/%) is the inverse transposed of (0%¢/92;0%), whereas for ¢ which is
only plurisubharmonic the right-hand side of is a bit ambiguous. It makes
sense however (and the estimate indeed holds — see [4] or [5]) if instead of
\a\?a&p we take any h € LS (2) with

loc
ia A a < hiddg.
Berndtsson [1] showed another estimate for : if in addition % is a
plurisubharmonic function in €2 satisfying

(4) 10 A Oy < 100
and 0 < § < 1, then we can find v with
_ 4 _
(5) /Q ’u‘Qedw d\ < 5(1_5)2/9 ’Oz‘?agweaw Pd.

The constant in was improved in [3]: it was shown that the optimal C()

satisfies 1 4

— < (CH) £ —.

(1-6)(2-9) — (9) < (1—10)2
Then makes sense also for § = 0: one obtains the following estimate due
to Donnelly and Fefferman [10]:

/ lu|?e™%d) < 4/ ]a|?85w6_(pd)\.
Q Q
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It is also clear that we cannot have a finite constant in 0=1.
Note that in our convention can be written as |8¢] 195 < 1. Keeping

this in mind we will formulate our main result which can be viewed as a variant
of Berndtsson’s estimate for 6 = 1:

THEOREM 1. Assume that € is a pseudoconver domain in C" and take
a € LZOC o, 1)(Q) with O = 0. Let @, be plurisubharmonic functions in )

such that |0|? iogy S 1in Q and |0y|? 195y < d < 1 onsupp . Then there exists
u € L2 (Q) solving Ou = o and such that

_ B 1 -
(6) /Q(l_ law‘?agwﬂupew PdN < w/ﬂ’“’?aéwew YdA

ProOF. By standard approximation we may assume that ¢, are smooth
up to the boundary. We now use a trick from [2]. Let u be the minimal solution
to Ou = o in L?(2,e~¥). This is equivalent to u being perpendicular to ker d
in L?(Q, e~%). Therefore, v := ue? is perpendicular to ker 0 in L?(Q, e~ %Y%),
which means that v is the minimal solution to Ov = 3, where

B = (a+udp)e?
in L2(2,e=¥~%). Therefore, by Hérmander’s estimate

/|u!2ew‘pd/\—/ lv2e=?~Yd\
Q Q
</Q|6|§aaw+¢)e—¢—¢dA</Q|a+u5¢yfaa¢ew—wdx.

Denoting h := |5¢]?&%, for any t > 0 we get
/Q la + u5¢|f85¢e¢_‘pd)\
<(1+ t_l)/ \a|§85¢e¢_@d)\ —|—t/ [u2he? P dA —|—/ |u2he? = dA
Q supp « Q

< (1+t—1)/ algue ¢_“"d)\+5(t+1)/ [uf2e¥ =4 d)

supp o

+ / |u|2he? "% d.
Q\supp «
Therefore

/ (1= )ulPe#dr + (1— 5t + 1))/ luf2e¥ =% d)
Q\supp «

supp o

<+t /\a\ 50C"
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Since the left-hand side is bounded below by
(1-6(t+1)) /(1 — h)|ufe¥"?d\
Q

for t =612 — 1 we get @ O
Note that, after replacing ¥ by d1, Theorem [1] gives the Berndtsson esti-
mate with the constant
1
5(1—6)(1—6)2
3. The Ohsawa—Takegoshi extension theorem. The following lemma
is essentially contained in [8]:

LEMMA 2. For ¢ € C with [¢| < (2¢)~2 and € > 0 sufficiently small, set
¥(¢) == —log [~ log(|¢|* + &) + log ( — log([¢|* +£))].

Then v is subharmonic in {|¢| < (2¢)~'/2} and there exist constants Cy, Co,
C'3 such that

2
) (-1l > ! on {1C] < (20)-1/2);

ez ' T Crlog([C[? +€2)
2
it ’jji < on i <<
P
iii) !w« < Cs on {e/2 < || <&}

Using Theorem [1| and Lemma [2| similarly as in |8] we can easily prove an
extended version of the Ohsawa—Takegoshi theorem:

THEOREM 3. Assume that Q C C" 1 x {|z,| < (2¢)~Y/2} is pseudoconves
and let ¢ be a plurisubharmonic function in Q). Then every holomorphic f
in Q = QN {z, = 0} (we assume that ' is not empty) has a holomorphic
extension F in € satisfying

F|2e¢
/||62d>\ < c/ |f|2ePdN,
Q ’Zn’210g ’Zn|2 Q7

where C is a uniform constant.

PRrOOF. We follow the argument from [8]. By standard approximation we
may assume that € is bounded with smooth boundary, ¢ is smooth up to the
boundary and f is defined in a neighborhood of €. Let x € C*°(R) be such
that x =1 on {t <1/2} and x =0 on {t > 1}. For small € > 0 set

a = 0(f(2")x(|2al?/€%) = F(2)X (|2 /%) 2n dZn /<.
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We use Theorem [1| with ¢ given by Lemma 2| and ¢ = ¢ + 2log |z,|. With
d :=—C5/loge, we get a solution u = u. to with

|ul*e=¢ Ch / 2 -G
dr < af2,5,¢"7dA.

We have

~ 2 ¥
/ af2 e Pax < EX) / L swp / FPe-say,
Q { ’

4 _
€ s<lml<e} Yo g<ic<eJo

where Q; = {2 € Cn=l:(2,¢) € Q}. Tt follows that u = 0 on {2, = 0} and
Fe(2) = f(2")x(|znl*/€?) = ue(2)

is a holomorphic extension of f satisfying

F.]?e?
limsup/ %CM < c/ |f|2e#dN.
e—0 0 |Zn‘210g |Zn‘2 Q

The required F' is the weak accumulation point of F. O

4. The Suita conjecture and constants. Similarly as in [11], we con-
sider a decreasing convex 7 : R, — R_ such that

N2
7 //> (77)
(7) L —
and
1
8 Ci=—+— < 0.
Y im0 "

An example of such an 71 is —a(t + t*), where 0 < b < 1 and a > 0 is suffi-
ciently small. The smallest C' that can be obtained this way (numerically with
Mathematica) is for n satisfying the equality in and the initial condition
n(0) =0, 7' (0) = —2.216715...; then C' = 1.95388...

THEOREM 4. Assume that Q C C"! x D is pseudoconvex, where D is a
bounded domain in C containing the origin. Then for every plurisubharmonic
¢ in Q and f holomorphic in @ := QN {z, = 0} (we assume that Q' is not
empty) there exists a holomorphic F in Q such that F|g = f and

/|F26_“’d)\§C7T2 |f|2e=%dN,
0 (cn(0))? Jor

where C' is given by .
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PROOF. First assume that D = {|(| < 1}, so that in particular c¢p(0) = 1.
Let 0 < e <1 and set

= 3 N(=2og |za])) = —F (W (~2og ) 22,

n
where y € C%(R ), such that x(t) = 0 fort < M := —2loge and tlim x(t) =1,
—00

will be determined later. Further, set ¢ := ¢p+2log |z,| and ¢ := v(—21log|z,]),
where a convex decreasing v € C11(R,) will also be determined later. For u
given by Theorem [I] we have

/Q]u\Qe“"d)\ < /9(1 ~ Bl ulte P < / ol
provided that
AW
(9) (1 — (7,2> ettt >1
Y

on R, (then the first inequality holds), (v/)2/7"” < 1 on Ry and (v/)%/4" <
§ <1on {t > M} (then the second inequality follows from Theorem [I]).

Similarly as in the proof of Theorem [3] we have (recall that «, ¢ and ¢
depend on ¢)

limsup/ ‘O“?Béw e¥Pd\ < limsup A(e ]f\Q —PaN,
e—=0t JQ e—0t
where

_ (' (=2log |¢]))2er(—2osl<) [P
A(g)_/{<|<a} 12" (—21og [¢]) d)\(C)_ﬂ/M ol -

The optimal choice of y with f v X () dt=11is

0, t< M
ty:=<1 rt

x(®) / w(s)ds, t> M,
CJIM

where w = "¢~ and ¢ = [,; w(s)ds. Then

™

e -
/ A'e 7 dt
M

) —log(—n()), t<M
() = {—Mog(t ~M+a)+b, t>M,

Ale) =

We now set
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where a, b are chosen in such a way that v € Cb1(Ry), that is

n(M)
a=a(M) =94 ,
W= an)
b=0b(M)=—log(—n(M)) + dloga.
We set § = 6(M) := M~'/2, so that in particular

(10) N}iinooa(M) = 00.

One can easily check that on {t < M} by v satisfies (9) and (7/)%/9" <
1. On {t > M} we have (v')?/y" = § and for sufficiently large M, since
—dlog(t — M + a) + t is increasing in t,

2
<1 _ %)) S S (1 §)e= ORI 5 1
Moreover,

o] o] ) M
/ y'e Y dt = 56_b/ (t+a)’2dt = 0 (M)
M 0 1-9

and this tends to 1/C as M — oo. Finally, we note that, if 0 < £ < e,

o] N2
(1 — 09|25, )ev~21eeltlgn = 7 1= O o
{l¢cI<e} 0o —2log & 0

— (- 5)eb/ (t+a)Odt
—2loge—M

= 0

which ensures that v = 0 on {z, = 0}. Defining the extension F as in the
proof of Theorem [3| gives the required result when D = {|(] < 1}.

If D is arbitrary we set G := Gp(-,0), « is defined as before, and we modify
the definitions of @, 1 to ¢ := ¢ + 2G, ¥ := v(—2G). We have to show that

(X' (=2log [¢]))?er (722 Cn
dA —.
/{Kgs} A2 Gy (—2G) (= (cp(0))?

(11) lim sup

e—0t

We see that

1
12 lim sup [(|?e™ ¢ = — .
12 b (o(0))

We can write G = log || + h, where h is a harmonic function. Then for some
constant A (independent of ¢)

(13) AICP Gel? = 1+ 2Che? = (1 — Ae)?

if ¢ is sufficiently small.
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With the notation t = —2log (], we have |2G + t| < B for some constant
B. We now modify the definition of M to M := —2loge — B and define v as
before. Then for t > —2loge we have —2G >t — B > M and

(14) 1(-2G) <4(t — B) < 1(1) + 5log “ 7
2
(19 V(-20) 2 e+ ) = (L0 ) 2

We also have

ay [ e (EY e

Combining f with we now get . O

Acknowledgements. Part of this research was done during author’s visits
to Tambara Institute of Mathematics of the University of Tokyo in October
2011 and to University of Tel Aviv in December 2011. Both were much needed
breaks in his currently overwhelming administrative duties. He is grateful to
Kengo Hirachi, Takeo Ohsawa and Semyon Alesker for these invitations.

Remark. After this paper was completed the optimal constant in the Suita
conjecture and the Ohsawa—Takegoshi extension theorem was finally obtained
in [7] building up on the methods developed here. However, Chen’s proof
from [8] of the extension theorem without optimal constant, presented here in
a slightly different form, is probably the simplest one so far.
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