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INTERIOR REGULARITY
OF THE DEGENERATE MONGE-AMPERE EQUATION

ZBIGNIEW BLOCKI

We study interior C''! regularity of generalised solutions of the Monge-Ampére
equation det D*ux = 4, 9 > 0, on a bounded convex domain  in R" with
u = ¢ on JQ. We prove in particular that © € C¥*(Q) if either i) ¢ = 0 and
Pt/ -1 ¢ CHH(Q) or ii) Q is CY! strongly convex, ¢ € Cl’l(ﬁ), P/ (n=1)
€ Cl’l(ﬁ) and 9 > 0 on U N, where U is a neighbourhood of d§2. The main
tool is an improvement of Pogorelov’s well known C!'! estimate so that it can be
applied to the degenerate case.

1. INTRODUCTION

For an arbitrary convex function u one can define a nonnegative Borel measure
M (u) such that
M(u) = det D*udA

for smooth, and even W2 functions (see [17] for details). The Dirichlet problem for M
is solvable in a fairly general situation: let £ be an arbitrary bounded convex domain
in R* and ¢ € C(09) be such that it is convex on any line segment in dQ (we shall
call such a ¢ admissible). Then for any nonnegative Borel measure z with u(2) < oo

the Dirichlet problem

u continuous and convex on
(1.1) M(u)=p in Q
u=¢ on 0N
has a unique solution. (This was proven for example in [17] for strictly convex © where

all continuous ¢ are admissible, and the general case easily follows from this - see
Proposition 2.1 below.)
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We shall primarily consider measures g with continuous, nonnegative densities
¥ in Q. Unless otherwise stated, u will always denote the solution of (1.1) (with
i = ¥d\), whereas v will be the solution of the corresponding homogeneous problem:

v continuous and convex on Q
(1.2) M(v)=0 in O
v=¢ on O

Below we list several known regularity results for solutions of (1.1):

(1) ¢=0,9€C®(), ¥>0 = ue C®() (Cheng, Yau [8], see also [9]);

(2) $is CV! strongly convex, ¢ € CL1(Q) = v € C¥(Q)NCH1(Q) (Trudinger,
Urbas [19]);

(3) 9 is CV! strongly convex, p € CV1(Q), v € CH1(Q), ¥ >0 = u e CH(Q)
(Trudinger, Urbas [19]);

(4) § is C* strongly convex, ¢ € C®(89), ¥ € C*(Q), ¥ > 0 => u e C*(Q)
(Krylov [15] and Caffarelli, Nirenberg and Spruck [6]);

(5) € is C*! strongly convex, € C31(Q), /1) € C11(Q) = ue CH1(Q)
(Guan, Trudinger and Wang [13]). One should mention that in [13] the authors several
times use that ¢'/2(*=1) € C%1(Q)) which is not always satisfied in this situation. The
general case can be obtained by slight modifications of the method used in [13], except
for Lemma 2.1 but this one had been earlier proved in [12]. All this will be explained
in the upcoming correction to [13].

Pogorelov had claimed to prove (1) earlier but his proof had gaps. However, his
interior C1'! estimate remained a crucial step in the proof of (1). We are going to
improve it to the degenerate case (see Theorem 3.1 below).

The following results on the local regularity of the Monge-Ampére operator M are
also known:

(6) wu is strictly convex, ¥ € C®, ¥ > 0 = u € C* (this follows easily from
(1);

(7) either u € W2? for some p > n(n — 1)/2 or u € C1* for some o > 1—2/n,
Y eC®, >0 = ue C® (Urbas [20]).

In this paper we prove two more regularity results:

THEOREM 1.1. If ¢ =0 and ¢'/(*-1) € C¥}(Q) then u € CH1(Q).

THEOREM 1.2. Suppose that Q isa C'! strongly convex domain, ¢ € C*1(Q)
and ¢/ (-1 € C1.1(Q). Assume moreover that

(1.3) every connected component of the set {) = 0} N Q is compact.

Then u € C1(9).
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Note that in Theorem 1.1 §2 is an arbitrary bounded convex domain in R™. By
(7), Theorem 1.1 is a generalisation of (1). We also immediately get the following local
regularity which generalises (6):

THEOREM 1.3. If u is strictly convex and /(1) € CY1 then v € CV1.

This paper was mostly motivated by recent articles [12] and [13], where global
a priori estimates for second derivatives of u depending on |3/ (*~1)|| cram) were

established. The main tool in proving Theorems 1.1 and 1.2 will be a corresponding
interior a priori estimate (Theorem 3.1). The importance of the exponent 1/(n — 1) is
that, by [21, Example 3], it is optimal in all of the above results.

Note that (1.3) follows if, for example, ¢ > 0 on U N2, where U is a neighbour-
hood of 92. We believe that the assumption (1.3) in Theorem 1.2 is in fact superfluous.
However, at the end of section 4 we give an example which shows that the application
of our methods only does not allow to drop this assumption. Namely, what we re-
ally prove is that under the assumptions of Theorem 1.2 except for (1.3), we have u
€ C**({u < v}) (Theorem 4.2). Moreover, {u < v} =  if (1.3) is satisfied (Proposi-
tion 4.1), but without (1.3) it may happen that {u < v} # Q.

The Pogorelov estimate from [16] has been improved in the non-degenerate case
by Ivochkina [14], who used a different method. There have been attempts to obtain a
similar interior regularity for the complex Monge-Ampere equation. In [18] the Ivochk-
ina integral method and in [11] the original Pogorelov approach were used. However,
both authors made the same mistake. Namely, they used a false formula

I 3%u _ ' 03u |

62¢62j6z,~ - 3z,-62,~6zj )

This made the first inequality in [18, p. 91] and inequality (3.6) on p. 697 in [11] false.
In fact the function

u(z) = —1 + alz2)? + (1 + 2 Re z3) |1 |%,

where 0 < @ < 1 and z = (21, 22) is in some neighbourhood of the origin in C?, is a
counterexample to both inequalities. Actually, the falseness of the above formula is the
sole reason why the methods used here cannot be applied in the complex case. The gap
in the proof of the regularity of the pluricomplex Green’s function in [11] was filled in
by [4] (see also the correction to [11] and [5])). We are not sure if anything can be saved
from [18] though.

This means that in the complex case the only valid interior C'! estimate so far
(that is an estimate for the second derivative of a solution in the interior not depending
on the smoothness of the boundary) is from [10, Proposition 7.1]. This one however
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depends in particular on an L*® norm of u‘ﬁiuziu;j instead of the L°® norm the
gradient of w. Therefore, in order to apply it to obtain regularity results for the complex
Monge-Ampere equation one would have to find an interior estimate for w?%i Uz Uz, -
In [10] it is achieved under additional assumption that the injectivity radius of the
Kihler metric (u,‘.;j) is locally bounded from below by a positive constant (thanks to
an estimate from [7]).

In the complex case already the interior gradient estimate presents a challenge,
quite contrary to the real one, where it is more or less trivial (see (4.1) below). It was
obtained for convex domains in C" ([3, Theorem 2.1]) but the general case remains
open. One should add that unfortunately the proofs of [3, Theorems A and 4.1] cannot
be considered valid, since the estimate from [18] was used there.

TERMINOLOGY AND NOTATION. We say that a convex domain 2 (respectively, convex
function u) is strictly convez if 3Q (respectively, graphu) contains no line segment. A
convex function v in Q is called mazimal if for any D €@ Q and v continuous on D,
convex in D, we have that u < v on 8D 'implies u € v in D. This condition is in
fact equivalent to M (v) = 0 (see [17]). A function u is called strongly convez if locally
there exists A > 0 such that u — A|z|? is convex. We say that a bounded domain
is strongly convez if there exists w, a strongly convex function in a neighbourhood of
Q such that © = {w < 0} and Dw # 0 near 9 (that is there exists € > 0 such
that for any supporting hyperplane H = graphL of w at a point near 9§ we have
|VL| > €). A domain is called C** strongly convex if one can find a C** defining
function w. If we write f € C¥!(Q) then we mean that f € C*(Q) and |D¥*1f| is
globally bounded in ©2. Then

k+1

Il @) = gsgp |D* ]

and the values of f at O are uniquely determined. Finally, B(z,r) will denote a
closed ball centred at z with radius r and [z, y] will stand for the line segment joining
z and y.

2. EXISTENCE OF GENERALISED SOLUTIONS

In this section we shall show how to generalise the solution of the Dirichlet problem
in [17, (1.1)] from strictly convex to arbitrary convex domains.

PROPOSITION 2.1. Assume that Q is an arbitrary bounded convex domain in
R™. Let ¢ € C(09) be admissible (that is ¢ is convex on any line segment in 0N)) and
u be a nonnegative Borel measure in § with u(2) < co. Then the problem (1.1) has
a unique solution.
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ProOOF: The uniqueness follows from the comparison principle (see for example,
[17]). If Q is strictly convex then the proof can be found for example in {17). We shall
use this as well as other results from [17] in the proof.

We first solve the homogeneous problem (1.2) using the Perron method. Define
v := sup{w convex and continuous on Q,w < ¢ on 9Q}.

Then v is convex in  and we have to show that v continuously extends to 89 and
equals ¢ there. Fix zo € Q2 and € > 0. Since ¢ is convex on any line segment
contained in 952 and passing through zo, we can find an affine function L such that
L(zo) 2 ¢(zo) —€ and L < ¢ on 90Q. Let h be a solution of the classical Dirichlet
problem _

h continuous on 2

h harmonic in Q

h=¢ on 0.
Then we have L.s v< hin © and

w(zo) — € € liminfu(z) < limsup v(z) € ¢(zo).
g TzQ

This shows that v is continuous on Q and v = ¢ on 3Q. The definition of v implies
that v is maximal and thus M(v) = 0 there. This solves (1.2).

Next we solve (1.1) with ¢ = 0. This has already been done in [2, Theorem 4.1]
but we include it for the convenience of the reader. Let 2; be strictly convex domains
such that €; + Q as j 1 co. Let u; be continuous and convex on ; and such that
M(u;) = p in Q; and u; = 0 on 9Q;. By the comparison principle the sequence u; is
decreasing. Moreover, [17, Lemma 3.5] gives

(2.1) (—uj(x))" < ca(diam Q)™ dist (z, 00)u(Q), z € Qj,

where ¢, is a constant depending only on n. This implies that u; converges locally

uniformly in Q to a convex %. The inequality (2.1) also shows that li1‘191Q u(z) =0. By
z—

the continuity theorem for M ([17, Proposition 3.1]) we have M(u) = p in ©. This

solves (1.1) for ¢ = 0.

Now let u and ¢ be arbitrary. Again, we approximate €} by strictly convex
domains Q; from inside. There we can find u;-, continuous and convex on ;, such
that M (u}) = p in Q; and uj = v on 8Q;. [17, Proposition 3.3] gives M(u+v) > p
and thus

T4+v<uj,, Suj<vin Q
by the comparison principle. It now easily follows that u;. decreases to a function u
which solves (1.1). a
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3. A PRIORI ESTIMATE FOR SECOND DERIVATIVES

In this section we shall generalise the Pogorelov estimate (see [16]) so that it can
be applied to the degenerate case. We shall modify Pogorelov’'s method using some
ideas from [12]. We shall prove:

THEOREM 3.1. Let u € C*(2) N C*1(Q) be a strongly convex solution of
(3.1) det D*u =1y
in a bounded domain €} in R™. Assume that w is a C® convex function in Q such

that u < w in Q and lirgﬂ(w(z) —u(z)) = 0. Then for a such that
z—

=n-1" for n>3,
>1 for n=2,

we have in .
(w — u)*|D%u| < C,

where C depends only on n (on « if n = 2) and on upper bounds of diam¢,
9@ Dg11 (@) and llw = ullgo ) -

PrROOF: We may assume that Q@ C B(0, R), where R < diam$2. We shall use
the standard notation: w; = du/dz;, (uy;) = D*u and (u¥) = (D2u)_1. First, we
differentiate the logarithm of both sides of (3.1) twice with respect to z,. We get
(3.2) uuy;; = (log ¥)p

(3.3) uupgij = (log¥),, + u*u upijupm.
Consider the auxiliary function
h=(w- u)aeﬁ|z|2/2|D2u|,

where § > 0 will be specified later. By the assumptions on u and w, h attains a
maximum at some y € . Since |D2?u| is equal to the maximal eigenvalue of D?%u,
after an orthonormal change of variables we may assume that at y the matrix D?u is
diagonal and |D?u| = u;;. Then the function

E = ('w - u)aem"z/zuu

also attains a maximum at y and E(y) = h(y). By the assumptions of the theorem it
is enough to show that

(3.4) un(y) € C,
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where by C1,Ca, ... we shall denote constants depending only on the desired quantities.

From now on all formulas are assumed to hold at y. We may assume that u < w.
We shall use the fact that D(logh) = 0 and D?(logh) < 0. Therefore

Wi — Ui C, W

(3.5) 0= (logTz.)i =
for every i=1,...,n and
u (logﬁ) <0

Now we analyse the term where the third and fourth derivatives of u appear. Using
(3.2), (3.3), (3.5) and denoting g := 91/("~1) we compute

2
Ui1is (ulli)
log u = — -
u(log 1) u11 E Uy uu) Z Uig
_ (log¥),, + L (u1i5)* Z (u115)”
U1 un 3 Uiy (uu)2 Ui
lo (u
> ( g¢)11 +— Z(Um 22 11;)
uy) (8 (ui)®  (u1) >
(log ¥),, 1 Ui 2 1 (u115)?
2 + lo +
7 un (n—1uyy (( gV = ) (u1)? s Ui
5 (=g 201mn 1 (ulli)2
gun g(u11)2 ('U'll)2 i>2 Ui
-1 2 ; 2
_ (n—1gu 4+ 5 (awl +ﬂx1> + Z ( o +ﬁz.~) .
guin gui w - i>2

We thus obtain

0> u® (log 7;) y

2
o Wi an @ (wg — w) 1
wouvelui w-u (w-— 'u)2 z‘: Uis Z Ui

+ u*(log u11);;
- -1 2 -
> - an a(w ul) +(" )911 g1 (awl ul+ﬁx1)
w-u (w-u)luy, gun yuu w-u

(w—u)2 w—u

1 1 (ala—-1)(w;—uw)?  20B(wi —u)z;
g o)
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=

2
an olw; —u -1 2 -

O 21) +{p=Bou | 20 (awl "‘+ﬂz1)
w-v  (w-u)un gun gun w—u

2R? 1
(- 2B L
o - i>2 Uij

An optimal choice for B is therefore (o —1)/(2R?). Multiplying both sides of the
obtained inequality by

4R?*(w - u)"gun
(a-1)(rn-1)

and observing that the inequality between arithmetic and geometric means gives

1 > (n > 1)(un) /7Y

Y

i>2 Wi 9
we get
(w - u)"_luu)"/(n-l) ~Co(w —u)" tuy; — C3 <0,
From this (3.4) easily follows. 1

Note, that in fact in Theorem 3.1 we could replace ”1/’1/("_1)”01,1(5) with
||1p1/("-1)||co,1(§) and the maximal eigenvalue of —D?(y!/("~1)) in Q.

4. CY! REGULARITY OF GENERALISED SOLUTIONS
First we prove Theorem 1.1.
PROOF OF THEOREM 1.1: We may assume that 3 € C11(9) - otherwise shrink
Q2 a little. Fix € > 0. Let Q; be a sequence of C* strongly convex domains such that
Q; 12 as jToo. Wecan find ¢; € C® (ﬁj) such that 1; > 0, ¢; tends uniformly to
1 in §2 and

”w;/(n_l)“cl.l(ﬁj) < Ch.

(By C1,Cs,... we shall denote constants independent of j.) By (4) one can find u;
€ C* (%), convex in Q; such that det D?u; =; in Q; and u; =0 on 9%;.

Let A be so big that n(z) := |z|> - A < 0 for £ € Q. From the comparison
principle and the superadditivity of the operator M it follows that on ﬁj

q1/n . _ oY/
u+|lv— d’J“Lm(ﬁj)W Sy Su “¢ ¢J"Loo('ﬁj)n + ”u”LOO(an)'
Therefore in particular u; tends locally uniformly to « in Q and

sup |uj| < Ca.
@
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Since u; is convex,

—u;(z)

. Du.: < — I\ -
(4.1) | u;(z)| < st (2, 050;)" T €Q;
Thus

|[Duj| < C3  in {u; < —¢}.

Theorem 3.1 now gives for some «
(—e — u;)*|D%u;| < Cs  in {u; < —¢}.

Hence
|D2'U,j| €£Cs; in {'u.j < -25‘}

and v € C}({u < —2¢}). Since & can be chosen arbitrarily small, it follows that
u € ChH(Q). 0

Theorem 1.2 will be a direct consequence of (2) and the next two results.

PROPOSITION 4.1. Assume that ¢ is continuous and let ¢ be admissible and
such that v € C11(Q). Then u < v on the domain consisting of {¢) > 0}NQ and those
connected components of {¢) = 0} N} which are compact.

ProOF: By K denote a compact component of {¢p = 0}N$2. First we want to find
an open U such that K CU € Q and % > 0 on 3U. Let Q' be open and such that
KcQ ef. Set F:={¢=0}Nn and by £ denote the family of open, closed (in
F) subsets of F containing K . It is a known fact from the general topology that, since
K is a connected component of a compact F', K = NE. Since the family {F \ E}gee
is an open (in F) cover of a compact set F NI, we can find Ey,...,Ex € € such
that E := EyN---N Eg € £ does not intersect 9. Then E and F \ E are compact
and we can find open U,V in Q such that UNV =0, FCUUV, KCcU C ' and
FnoY c V. It follows that U has the required properties.

From the comparison principle (applied in U) and since v is a maximal convex
function, it is now enough to show that v < v on {1 > 0}. As the problem is now
purely local, we may assume that ¢ > a > 0 and |D?v| < M < 00 on B(zg,r). We
shall proceed in the same way as in [19, p. 329]. For € > 0 define

w(z) := |z — zo|® — r?).

Then "
det D*(v + w) < ¢ ZS‘M""‘ <a

i=1

if € is small enough. From the comparison principle we get © < v +w on B(zo, 7). 0
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REMARK. If n = 2 then the assumption that v € C*}(f) in Proposition 4.1 is super-
fluous. For by an old result of Aleksandrov [1] u is then strictly convex in {¢ > 0}NQ.
If 2o € {¢p > 0} NQ and H = graph L is a supporting hyperplane of graphv at zg
then by [19, Lemma 2.1] zo belongs to the convex hull of the set {v =L} N9dQ. We
can thus find y;,y2 € 99 such that v is affine on [y1,y2] and zq € [y1,y2]. From the
strict convexity of u near zo it now follows that u(zp) < v(zo) which proves the claim.

A However, the following example due to Pogorelov shows that this assumption can-
not be dropped if n > 3. Set

u(z) = (1+ x?)(x% +.- +x,2,)1_1/".

Then in a neighbourhood of the origin u is convex (if n > 3), M(u) € C*, M(u) > 0.
But if Q is a small ball centred at the origin, we shall always have u = v = 0 on
{Z2=-=2,=0}NQ.

We shall now show that to get u € yCl’l({u < v}) one needs only very mild
assumptions on Q and ¢:

THEOREM 4.2. Assume that 2 is strongly convex and let ¢ € C(892) be such
that v € C%'(Q). Then, if p¥/(*~1) € C'1(Q), we have u € C**({u < v}).

PROOF: Regularising the defining function for Q we get C* strongly convex do-
mains Q; = {w; < 0} such that

(4.2) D?w; > LI on £,
G

and, since convex functions are locally Lipschitz,
(4.3) |Dw;| € C3, on 09;,

where C,,Cs,... are positive constants independent of j and I is the unitary matrix.
Regularising v we get v; € C™ (ﬁj), convex, converging locally uniformly to v, such
that

(4.4) Il = v5ll oo (82;) — ©
as j 1 oo and
(4.5) ID’UJ'I < C3 on _Q_j.

We can also find 3; € C=(Q;), ¥; > 0, ¥; tending uniformly to ¥ in Q and such
that

(4.6) ||1/);/(n—1)||01,1(ﬁj) < Cy.
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Let u; € C*°(Q;) be convex in ©; and such that det D®u; = ¢; in Q;, u; = v;
on 09Q;. We could choose ; so that u; < v; in §2;. Similarly as in in the proof of
Theorem 1.1 we can get that on ﬁj

1 1
7-‘+||"/’—¢j”L/c:(§j)7)_”u_u:i”[,w(anj)< u—|[¥- "/’JHL{:(Q "7'*'”“_“1'”1,00(391.)

Therefore by (4.4) u; tends locally uniformly to u. By (4.2) and the comparison
principle
v; + Cs’UJj <u; €£v; on Qj.

By (4.3), (4.5) and since w; =0 on 9$; we thus get

|[Duj| < C¢ on 09Q;

and, since u; is convex,
IDu_.,-| < Cs on Qj.

We may now use Theorem 3.1 to get
(vj — u;)%|D%*u;| < Cr  on Q.

The required result follows if we let j 1 co. 0

Finally, we want to show that if we drop the assumption (1.3) in Theorem 1.2 then
it may happen that {u = v} NQ # @. Let  be the unit ball B and set ¢(z) := z?
for £ € OB, so that v(z) = z? for = € B. Let % be such that %'/(*~1) is smooth and
supp® C {z1 > 0} N B. For € > 0 let u. denote the solution of (1.1) with u = ey dA.
Then u, 1 v uniformly as € | 0. For ¢ sufficiently small we thus have u, > 0 on supp ¥
and thus u. > 0 in B. Therefore u, =0 on {r; =0}NB and u, =v on {z; < 0}NB
by the comparison principle.
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