The Journal of Geometric Analysis (2020) 30:1259-1270
https://doi.org/10.1007/s12220-019-00343-8

®

Check for
updates

Generalizations of the Higher Dimensional Suita Conjecture
and Its Relation with a Problem of Wiegerinck

Zbigniew Btocki' - Wtodzimierz Zwonek’

Published online: 7 January 2020
© Mathematica Josephina, Inc. 2020

Abstract

We generalize the inequality being a counterpart of the several complex variables ver-
sion of the Suita conjecture. For this aim higher order generalizations of the Bergman
kernel are introduced. As a corollary some new partial results on the dimension of the
Bergman space on pseudoconvex domains are given. A relation between the problem
of Wiegerinck on possible dimension of the Bergman space of unbounded pseudo-
convex domains in general case and in the case of balanced domains is also shown.
Moreover, some classes of domains where the answer to the problem of Wiegerinck
is positive are given. Additionally, regularity properties of functions involving the
volumes of Azukawa indicatrices are shown.
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1 Introduction

Recall that for the domain D C C", w € D we define the Bergman kernel Kp
(restricted to the diagonal) as follows:

Kp(w) := sup{|f(w)|2 L f e O, IIfl} :=fD|f|2dv < 1}. (1)

We put L2 (D) := L%(D) N O(D).
Additionally, if Kp(z) > 0, then we denote by Bp the Bergman metric induced
by the Bergman kernel:

XXy, XeC 2

", 92log K
Bp(z; X) == Z LD(Z)

o 0T

We also define the Azukawa pseudometric as follows:
Ap(w; X) :=exp (lim sup(Gp(w + A X, w) — log |)\|)) , 3)
r—0

w e D, X € C", where Gp(-, w) = G(-) denotes the pluricomplex Green function
with the pole at w.
Denote also the Azukawa indicatrix at w:

Ip(w):={X € C": Ap(w; X) < 1}. )

Recall that a recently obtained version of the higher dimensional version of the
Suita conjecture (see [7])

1

KD(U)) > m, w e D, (5)

which holds for any pseudoconvex domain may be formulated as follows:
Kp(w) > K, w)(0), w e D. (©6)

Making use of the reasoning as in [4,5,7] we generalize this inequality (see Theorem 2)
which then may be applied to get positive results on non-triviality of the Bergman
space and its infinite dimensionality (see Sect. 3). Thus it gives a partial solution to a
problem of Wiegerinck [20]. He conjectured that the Bergman space of a pseudoconvex
domain in C" is either zero or infinite dimensional. He showed that the assumption of
pseudoconvexity is necessary and that the conjecture is true for n = 1 (see also [9]).
There are some partial results in higher dimensions: Jucha [14] showed it for some
Hartogs domains and Pflug—Zwonek [18] proved it for balanced domains in C2.
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The generalization of the Suita conjecture requires the definition of the higher order
Bergman kernels. The introduced objects as well as analogous inequalities have been
recently presented in the case of one dimensional domains in the paper [9].

In Sect. 4 we present other classes of domains where the problem of Wiegerinck is
solved positively.

In our paper we also present some results that are motivated by the objects that were
introduced and studied in the paper [7]; in particular, in Sect. 5 we show regularity
properties of the volume of the Azukawa indicatrix.

2 Higher Dimensional Generalization of the Suita Conjecture

Let H be a homogeneous polynomial on C" of degree k, H(z) = Zlal:k agz”. We
define the operator

Pu(f):= ) agD"f, @)

||=k

where f € O(D) for some domain D C C".
For the fixed domain D C C", z € D we define

KH () :=sup {|1Pu(H@: fP () =0,
j=0.....k—=1, feLiD), |lfllp=<1}. (8)

£ (z) denotes the jth Frechet derivative of f at z—it is meant here as ahomogeneous
polynomial of degree j.
Note that

K} (2) = Kp(2). ©)

For X € C" put Hx(z) := X121 + -+ + X,z,. If Kp(z) > 0, then

2 Kp*(w)
; = =, 10
We also put
KO w; X) = K (w) = sup {IF O )P« f € L2(D),
fPw)y=0, j=0,....k—=1, |Ifllp <1}. (11)

Note that in the case n = 1 we have K ng) (z; 1) =K (Dk) (z), where the expression on
the right-hand side is understood as in the paper [9].

Following the proof of the analogous result in the case of the Bergman kernel we
get the following fundamental properties of K g .
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Proposition1 e Let F : D — G be a biholomorphic mapping, and let H be a
homogeneous polynomial of degree k € N, w € D. Then

KH(Fw)) = K2 ™ (w)) det F'(w)|%, (12)

where (H o F'(w))(X) 1= H(F’(w)X),. X eC. ‘
e Let Dy, ..., Dy, be domains in C", w/ € Dj, and let H/ be a homogeneous
polynomial on C". Then

Hyx...xHp H H,,
KD11>><<...>><<D,,, (wl, LLuw = KDll (wl) ceee KDm w™). (13)

e If D is a balanced pseudoconvex domain, H is a homogeneous polynomial on C",
then
2
o PR | Dlaik el
Kp(0) = — = ; ’
1l [pH@PAV @)

(14)

where H*(z) = Z|a\:k ag7”.

To make the presentation simpler we shall often assume that the point (pole of the
Green function) will be w = 0. In such a case we denote D, := ¢~ 4{G < a} for
a < 0. Additionally, put D_, := Ip(0). We shall often use the obvious fact that the
sets {G < a} and D, are linearly isomorphic, —oco < a < 0.

The properties of the Green function give the equality (D,)p = Dy4p for —oo <
a,b < 0. Note also that K /; (0) = >0k [T _ (0).

Our main result is the following.

Theorem 2 Let D be a pseudoconvex domain in C", w = 0 € D and let H be a
homogeneous polynomial of degree k. Then the function

[—00.0]5a— K[} (0) (15)

is non-decreasing.
In particular, KII;(O) 0) < Kg (0). Consequently, K;I;)(O) 0; X) < Kg) 0; X) for
any X € C".

Proof We compile the reasoning as in the proof of Theorem 1 in [4], the proof of
Theorem 6.3 in [5] and the proof of Theorem 1 in [7].

If D; is a sequence of domains in C" such that D; C D41 and D = | Dj, then
K g/_ and Gp; decrease to K g and G p, respectively. Without loss of generality we
may thus assume that D is a bounded hyperconvex domain.

The properties of the Green function and thus the ones of the sets D, reduce the
problem of the monotonicity of (15) to the proof of the inequality K g 0> K ga 0)
for a fixed a < 0.

The main tool in the proof will be the following L2-estimate for d due to Donelly
and Fefferman (see [11] or Theorem 2.2 in [5]): if & is a (0, 1)-form in a pseudoconvex

domain D with coefficients in LIZOC(D) such that da = 0, @ is plurisubharmonic in
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D and ¢ is of the form ¥ = —log(—v), where v is negative plurisubharmonic in D,
then there exists u € leoc(D) solving du = « and satisfying the estimate
/ lul?e~?dx < C/ he ?da., (16)
D D

where C > 0 is an absolute constant (in fact the optimal one is C = 4) and 2 > 0 is
such that i A o < hiddy.

Take any f € L2({G < a}) with f()(0) =0, j =0,...,k — 1. We will use the
Donnelly-Fefferman estimate with the following data:

¢ :=2(n+k+1)G, ¥ :=—log(=G), a :=03(fx 0 G), (17)
where
=1 r=a (18)
X = f:ut L,—(ntkms ds. i~
Since

ig Ao < |fI*(x" o G)G?iddy,
by (16) we can find u with du = o and

/ |u|2672(7l+k+1)Gd)\‘ S C/ |f|2(X/OG)2G2672(n+k+1)Gd)\’ (19)
D D

Then the holomorphic function
F:=fxoG—u (20)

satisfies FU)(0) = 0 (since near the origin e~ 2(*tk+1G > §)7|=2014+k+D) for some
§ > 0)and Pp g(F)(0) = x(—00)Pp u(f)(0) = Ei(=(n +k + Da)Pp u(f)(0).
Moreover,

Il z2(py < (x(—00) + VO fIl1G <a)- 1)

which implies that
K[ (0) > c(n,a, )KL _,(0), (22)

Ei(—(n+k+1)a)?
(Ei(—(1+k+Da)+v/C)2 , ,
We can now use the tensor power trick: for large m we consider the domain D" C

C™". Using the formulas for the Bergman kernel and the Green function for product
domains and letting m tend to oo we will get

where c(n, a, k) =

Kp(0) = 2HRag . (0)=Kf (0). (23)

Similarly, as in [7] we note that the continuity of the Azukawa metric (and the exis-
tence of the limit in its definition)—see [21,22]—implies the convergence in the sense
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of Hausdorff: D, — Ip(w) which together with basic properties of the Bergman
functions implies the desired inequality. O

Remark 3 1t would be interesting to verify whether the function
(—00,0] 3 a — log K} (w) (24)

is convex as it is in the case of H = 1 (see final remark in [6]).

Note that the non-triviality of the space L%; (D) is equivalent to the fact that for any
w € D there are a k and X such that Kg‘)(w; X) > 0.

The infinite dimensionality of L%(D) is equivalent to the existence for any
(equivalently, some) w € D a subsequence (k,) and a sequence (X") such that
K g”)(w; X") > 0. Therefore, we conclude
Proposition 4 Let D be a pseudoconvex domain in C".

e [ffor some w € D the space L%(Ip(u))) is not trivial, then so is the space L%(D).
e [ffor some w € D the dimension ofL% (Ip(w)) is infinite, then so is the dimension
of L (D).

In fact, one may also conclude from Theorem 2 a more precise version of Proposi-
tion 4.

Corollary 5 Let D be a pseudoconvex domain in C", w € D, —oco < a < 0. Then
dim(Lj; (Ip(w))) < dim(L;(Dg(w))). (25)
Making use of the result from [18] we get the following partial solution of the
problem of Wiegerinck (see [20]).

Corollary 6 Let D be a pseudoconvex domain in C?. If for some w € D the space
L%l (Ip(w)) is not trivial, then the dimension ofL%l(D) is infinite.

Note that the non-triviality of the space Lﬁ (Ip(w)) in the case n = 2 is precisely
described in [18].

Remark 7 To answer the problem of Wiegerinck in dimension two it would be then
sufficient to decide what the dimensions of L% (D) are in the case when L% (Ip(w)) =
{0} for all w € D. The solution of that problem seems to be very probable to get.
Perhaps one should start with the solution of the problem when Ap = 0,0r G = —o00?

3 On the Finite Dimensional Bergman Space on D,

Note that Corollary 5 leaves the problem on the mutual relation between the dimensions
of the spaces L%(Da) for different a open. Note that the restriction: Lﬁ (Dp) > f —
f(e“_b~)|Dﬂ € L%l(Da), —00 < a < b < 0 gives the inequality

dim(L3(D,)) < dim(L3}(Dp)). (26)
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In fact, we shall prove that the equality holds.

Proposition 8 Let D be a pseudoconvex domain in C"*, 0 € D. Then for any —oo <
a < 0 the dimension of L% (D,) is the same.

Proof 1t is sufficient to show that if —co < a < 0, then the dimension of L% (D)
is equal to that of Li (D). To prove this it is sufficient to show that if we get the
system {f1, ..., fy} of linearly independent elements of L%l (D,), then there are
elements Fi, ..., Fy from Li(D) linearly independent. For the functions f; we
follow a construction from the proof of Theorem 2. First we choose k so big that
the functions f;, [ = 1,..., N, are linearly independent in the space of polynomi-

- (m)
als, where fij(z) := an:O flm!(o) (z),! = 1,..., N. Fix now a smooth function

X : [—00,0] — [0, 1] such that x equals 1 near —oo and x(¢) = 0, t > a. Now
starting with the functions f; we proceed with the construction of functions Fj as in
the proof of Theorem 2 with ¢ := 2(n + k + 1)G and the mapping x. The functions
Fj are L% functions on D that satisfy the equality

fl = Fl, I =1,..., N, which implies immediately the linear independence of F,
I=1,...,N. O

Remark 9 Proposition 8 together with Corollary 5 suggests that the equality of dimen-
sions of all Bergman spaces L%l (Dy), —00 < a < 0 may hold, which in turn would
reduce the problem of Wiegerinck from the general case to that in the class of pseu-
doconvex balanced domains (the set D_o).

Remark 10 Note that the results presented in this section imply that if Li (D) is finite
dimensional, then all the functions lying in Li({G < a}), —o0 < a < 0 are the
restrictions of the functions from L% (D)—this very special phenomenon is a fact
which may serve as another hint that the problem of Wiegerinck should have a positive
answer.

4 Other Sufficient Conditions for the Positive Solution of the Problem
of Wiegerinck

In this section we shall present two other sufficient conditions on domains that guar-
antee that the domain from the given class will give the positive answer to the problem
of Wiegerinck. It should be noted however that it is probably not so easy to check
whether assumptions of the next two results are satisfied in specific cases of unbounded
domains.

Consequently, we have no examples of domains that would satisfy the assumptions
of next two theorems for which the solution of the problem of Wiegerinck could not be
concluded from other known criteria. Therefore, it would be interesting if one could
find such examples.

Theorem 11 Let D be a pseudoconvex domain in C" such that for some w € D and
a < 0 the sublevel set {Gp(-, w) < a} does not satisfy the Liouville property, that
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is there exists a bounded non-constant holomorphic function defined there. Then the
Bergman space L%(D) is either trivial or infinite dimensional.

Proof Assume that there exists non-zero f € L%l(D). There exists k > 0 such that
FOw)=0forj=0,1,...,k—1but f® (w) # 0. We can also find Q holomorphic
and bounded in {G < a}, where G = Gp(-, w), and m > 1 such that Q) (w) = 0
for j=0,1,...,m—1but Q" (w) # 0. For [ > 1 define

a:=3(Q fxoG) =0 fx' cGaG,

where x € C°(R, R) is such that x (1) = 1 for¢ < b and x(¢t) = 0 fort > ¢, where
b and c are such that b < a < ¢ < 0. Set

o =2mn+k+Im)G, ¢ :=—log(—G),
then
ia Ao < [P 1f12(x 0 G)?idG 0 G < |Q1Ff12(x' 0 G)*Giddy

and by the Donnelly—Fefferman estimate there exists u € LIZOC(D) with 9u = o and

ul? s/ uPe#dx
D

<4 / 10121 £ (X 0 G)2G?e 2 hHmGay < || £] 1. (27)
D

SetF = Q' f xoG—u.Then F € L2(D)and FY) (w) = 0forj =0, ..., k+Im—1,
but F&Hm (w)) £ 0. Since [ is arbitrary, it follows that Li (D) is infinite dimensional.
O

Theorem 12 Let D be a pseudoconvex domain in C" and w; € D an infinite sequence,
not contained in any analytic subset of D, and such that for every j # k there exists
t < Osuch that {G; <t} N{Gy <t} =¥, where G := Gp(-,wj). Then Li(D) is
either trivial or infinite dimensional.
Proof Assume that f € L%l (D), f # 0. Choosing a subsequence if necessary we may
assume that f(w;) # 0 for all j. For every k we want to construct F € L%(D) such
that F(w;) =0for j =1,...,k— 1but F(wi) # 0. It will then follow that Lﬁ(D)
is infinite dimensional.

We can find fx < Osuchthat (G; < 4}N{G; <} =0forj,l=1,... .k, j#L
Set G:=G1+ -+ Gi—_1 and

a:=0(fxoG)=fx 0GagG,

where x € C°(R) is such that x(t) = 0 fort < (k — 1)tz — 2 and x(¢) = O for
t > (k — Dty — 1. Define the weights

¢ :=2n(G + Gy), ¥ :=—log(—G),
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we then have
ia Ao < |fI*G*(x' 0 G)?*iddy.

By the Donnelly—Fefferman estimate we can find u € leoc (D) with du = «a, satisfying
the estimate

el |? 5/ lu)?e~?dx 54/ | FIPG*(x" 0 G)*e~*dA.
D D

For every z € D with G(z) < (k — 1)t there exists j < k — 1 such that G;(z) < #,
and therefore Gy > t; on {G < (k — 1)ty — 1}. It follows that ||u|| < oo and thus

F:=fxoG—-uc L%(D). Since e~? is not locally integrable near wy, ..., wg, we
conclude that F(w;) = -+ = F(wg—1) = 0 and F(wx) = f(wg) (the latter since
G(wg) > (k — Dix). |

5 Regularity of the Volume of the Azukawa Indicatrix
For k > 1 we define the kth order Carathéodory—Reiffen pseudometric as follows:

!

v %) :=sup“f(k)(z)X/k! k;f<f)(z)=o,j=o,...,k—1}, (28)

z € D, X € C" and the supremum is taken over all holomorphic f : D — D where
D is the unit disc in C.

Recall that the bounded domain D C C" is called strictly hyperconvex if there are a
bounded domain 2 C C", a continuous plurisubharmonic functionu : Q& — (—o0, 1)
such that D = {u < 0}, u is exhaustive for 2 and for all ¢ € [0, 1] the set {u < c} is
connected (see [17]). It is elementary to see that yl()k) < Ap. In general, the function
Ap is upper semicontinuous (see [12]) and in the case of the hyperconvex D even
continuous (see [21]).

It follows directly from the definition that the functions D x C" > (z; X) —
yl()k) (z; X) are logarithmically plurisubharmonic. Recall that for a strictly hypercon-

vex D and for any z € D we have the convergence limj_, o yg‘) (z; X) = Ap(z; X)
for almost all X € C" (Theorem 1 in [17]). Consequently, for strictly hyperconvex
domain D we get that the function D x C" 5 (z; X) — Ap(z; X) is logarithmically
plurisubharmonic. Since any pseudoconvex domain D can be exhausted by an increas-
ing sequence of strictly hyperconvex domains (D, ), , the Azukawa pseudometric A p
is the decreasing limit lim, .~ Ap, we deduce the following

Proposition 13 Ler D be a pseudoconvex domain in C". Then log A p is plurisubhar-
monic (as a function defined on D x C™).

For the pseudoconvex domain D C C”" define the following pseudoconvex (see e.
g. [13] and use the logarithmic plurisubharmonicity of A p) Hartogs domain with the
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basis D and balanced fibers
Qp={(z; X)) e DxC": Ap(z; X) < 1}. 29)

Consequently, making use of Theorem 1.4 from [3] (2p(z) = Ip(z)) we get the
following result.

Theorem 14 Let D be a pseudoconvex domain in C" then the function
D>z— —logV(p(z)) (30)

is plurisubharmonic.

It is natural to ask the question on the logarithmic convexity of A p in the case when
D is convex. It turns out that the answer is positive.

Theorem 15 Let D be a convex domain in C". Then the function
D>z— —logV(Ip(z)) (31)

is convex.

Proof Due to the Lempert theorem (see e. g. [16])) we have the equality Ap = «kp,
where kp is the Kobayashi pseudometric of D. Without loss of generality we may
assume that D is bounded. Let ¢t € [0, 1], w, z € D. We claim that tIp(w) + (1 —
)Ip(z) C Ip(tw + (1 — 1)z). Actually, let X € Ip(w), Y € Ip(z). Then there are
analytic discs f, g : D — D such that f(0) = w, g(0) =z, f/(0) = X, ¢g’(0) =Y.
Consequently, the mapping & :=tf 4 (1 —t)g maps D into D, h(0) = tw 4+ (1 — 1)z,
WO)=tX+A-=1tY,sotX+A—=0Y € Ipitw+ (1 —1)z2).

It follows from the Brunn—Minkowski inequality that the Lebesgue measure is
logarithmically concave (see e. g. [19]); therefore,

Vp(tw+ (1 —1)z) = V(tIpw) + (1 —1)Ip(z))

>
> V(Ipw)'V(Ip)'™ (32)
which finishes the proof. O

The higher dimensional Suita conjecture (i. . the inequality (5)) may also be pre-
sented in the following way:

Fp(w) :== YKp(w) - V(pw) =1, weD. (33)

Note that the function Fp has the following properties:

e F is biholomorphically invariant,
e if D is a bounded pseudoconvex balanced domain, then Fp(0) = 1.
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The explicit formulas for the function Fp (see [7,8]) may be used to study the
boundary behavior of Fp. Recently, the case of the strongly pseudoconvex domains
was completely solved.

Proposition 16 (see [1]) Let D be a strongly pseudoconvex domain in C". Then
lim,3p Fp(z) = 1.

Note that the above property follows directly from a recent result from [10] (see
Theorem 4.1 in [15]).

The recent paper [2] is devoted to the study of the boundary behavior of the (formally
slightly modified) function Fp on a wider class of domains.
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