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Abstract We prove a conjecture of N. Suita which says that for any bounded
domain D in C one has c%) < n Kp, where cp(z) is the logarithmic capacity
of C\ D with respect to z € D and K p the Bergman kernel on the diagonal.
We also obtain optimal constant in the Ohsawa-Takegoshi extension theorem.

1 Introduction

Suita [16] (see also [15, p. 179]) conjectured that for a bounded domain D in
C one has

¢t <nKp. (1)
Here

en(@) =exp(lim (G (¢.2) ~log e )

is the logarithmic capacity of the complement of D with respect to z € D,
where G p(-, z) the (negative) Green function for D with pole at z, and

Kp(z) = sup{‘f(z)‘2 : f holomorphic in D, / |f|2dk < 1}
D
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denotes the Bergman kernel on the diagonal. One can easily show that we
have equality in (1) if D is simply connected. Suita in [16], using the theory
of elliptic functions, proved strict inequality in (1) when D is an annulus, and
hence also any regular doubly connected domain.
This conjecture has geometric interpretation and consequences. Suita also
observed that
2

Kp=———(
D naa‘(Och)

and thus that (1) is equivalent to the fact that the curvature of the invariant
metric ¢p|dz| is bounded above by —4. Therefore (1) means precisely that
maximal curvature is attained on the boundary (if D is smooth then one can
show that this curvature is equal to —4 on 9 D, or equivalently that the ratio
c% /m Kp is equal to 1 there). This is not the case for other invariant met-
rics related to the Bergman kernel, e.g. Kpldz|*> and the Bergman metric
(log Kp).z|dz|* (see [9] and [19]). On the other hand, this property is satis-
fied for the Carathéodory metric (see [17] and [18]) but this is much simpler
to prove.

The relation of the Suita conjecture to the extension theorem was first ob-
served and explored by Ohsawa [12]: to prove (1) for a given z € D we have
to find a holomorphic f in D with f(z) =1 and

2 < — %
/D rdh = oy

Using methods developed in [14] he proved the estimate
6‘2D <CnrnKp

with C = 750. This was later improved to C = 2 in [5], where the main tool
was an estimate from [1]. A slightly better constant C = 1.954 was recently
obtained in [10], see also [6] for a much simpler proof.

Our goal is to show the following version of the Ohsawa-Takegoshi theo-
rem with optimal constant which in particular implies the Suita conjecture:

Theorem 1 Assume that 2 C C"~! x D is pseudoconvex, where D is a
bounded domain in C containing the origin. Then for any holomorphic f

in 2" := 2 N{z, =0} and ¢ plurisubharmonic in 2 one can find a holomor-
phic extension F of f to 2 with

/ |F|?e™%d) < ( (O))zf/|f|2e_¢’d)»/.
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This kind of result, with a worse constant though, was first formulated in
[8] (it used the proof of the Ohsawa-Takegoshi theorem from [2]), see also
[13].

Our proof is in big part motivated by the recent work of Chen [7] who
showed that the Ohsawa-Takegoshi theorem can deduced directly from the
classical Hormander estimate for the 5—equati0n [11]. We use Chen’s idea in
the proof of Theorem 2 below. It improves a related d-estimate from [6] which
gave Theorem 1 but only with the same constant as in [10]. This d-estimate
was one of the crucial improvements compared to [6]. Another one was the
solution of the following ODE problem: find g € C 0’1(R+), heC 1’1(]R+)
such that 4 is convex and decreasing, g 4+ log?, & 4 logt vanish at oo, and

AV
(1 _ (§1—3>€2g_h+t > 1.

The author would like to express his gratitude to Takeo Ohsawa for his
constant interest and encouragement throughout the years and to Peter Pflug
for essentially introducing him to the theory of Bergman kernel back in 1998.

2 The proof

Similarly as in [7] our main tool will be the Hormander estimate: if 2 is
pseudoconvex in C* and

- 2
a= Z“jdzj € Lipe 0,1)(82)
J

is such that 3 = 0 then for any smooth, strongly plurisubharmonic ¢ in £2
one can find u € leo . (§2) such that

u=uo
and
/9 lul?e?dx < /Q |a|faéwe—¢dx. )
Here
o, =D 9o
J.k

(where (¢/ 'E) is the inverse transposed of the complex Hessian (82(,0 /02;0Zk))
denotes the length of o with respect to the Kéhler metric i 00 ¢.
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It was observed in [4] that (2) makes also sense (and indeed remains
true) for arbitrary plurisubharmonic ¢: instead of |« |l_2a 5, On€ should take any

H e L}? ($2) with
idAa<Hiddg.
In this convention we formulate our new estimate for the d-equation:

Theorem 2 Let o € leo .0 1)(.Q) be a d-closed form in a pseudoconvex do-
main §2 in C". Assume that ¢ is plurisubharmonic in $2, ¥ € WZL’CZ(.Q) is
locally bounded from above and they satisfy |0y |l,2a 5o < H < 1in $2 for some

H € L}3 (82). Then there exists u € L?

for every b >0

1+bH
/|u| (1— H)e*- de<(1+ )f| |138w 1+ eV %d.

If in addition H <§ < 1 on supp « then

1+

(£2) solving du = « and such that

loc

[ura—metran <20 [ ol a0
2 100

Proof By standard approximation we may assume that ¢ is smooth up to the
boundary, strongly plurisubharmonic, and that v is bounded in £2. Note that
then L2(§2, eV ~%), L2(§2, e~ %) and L%(£2) are the same sets. We use a trick
from [3]: define u to be the minimal solution to du = « in L2(§2, ¢¥~%) which
means that u is perpendicular to ker d there. Then v := ue? is perpendicular
to kerd in L2(£2, e~ %) and thus it is the minimal solution to dv = B, where

Bi=eV(@+udy)eLj, o) ().

By Hormander’s estimate (2)

2,—¢ 2,
/lele d)»f/g|/3|l.aa(ﬂe di

/ |u|262‘[’¢dk§/ lo +udy)? . eV %da
0 0 100¢

which means that

= /{2(|a|i235<p +2lulvVHlalig5, + u*H)e*' ~“d3.
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For ¢ > 0 we will get

/ lul>(1 — H)e*Y ~%dx
2

H
< 2 (1 ) P = H) |2V %4,
—L['“"33W< 17 ) (- H) e

We obtain the first estimate if we take ¢ := 1/(b + 1), whereas the second one
follows if we let b :=§1/2, O

Proof of Theorem I Using appropriate approximation we may assume that
£2 is bounded, smooth and strongly pseudoconvex, ¢ is smooth up to the
boundary and that f is holomorphic in a neighborhood of £2’. Fix ¢ > 0 and
define

f(@)x' (=2log |Zn|)d_
- - Z
Zn

n»

o :=3(f(Z)x(-2log|zul)) =

where we write z = (7, z,) and x € CY1(R) is non-decreasing and such that
x =0 on {r <—-2loge}, x(co) =1 (it will be precisely determined later).
Note that « is defined in £2 for sufficiently small &, suppa C {|z,| < ¢}, and
for any solution of du = « the function

F = f(z')x(—2loglzal) —u 4)

is a holomorphic extension of f provided that u =0 on £2’.
In order to use Theorem 2 and define appropriate weights ¢@, v the choice
of the following two functions on R is absolutely crucial:

h(t) :=—log(r + e~ — 1),
g(t):==—log(t+e " —1)+1log(l—e™").

They solve the ODE problem formulated in the introduction: one can check
that they are decreasing, convex,

N2
(1 _ 8y )eZgh“ =1 (5)
h//
and
tlirélo (h(t) —2g(t) +log(—h'(1))) =0. (6)

(In fact, as noticed by the referee, we have g = log(—h’). This substitution
reduces (5) to

d2

ﬁ(e_h) =
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and enables to solve the desired ODE problem immediately.)
For G := Gp(-,0) we can write G = log|¢| + v, where v is a bounded
harmonic function in D. There are positive constants Cg, C such that

|2G —2log|¢|| < Cy inD
and

1
‘ZGg — E < C1 near the origin.

For M := —2loge — Cp we define

(1) = h(t), <M,
TZN slog(t =M +a)+b, t=M

and

g(), t<M,
y (@) = ~
—dlog(t — M +a)+b, t>M,

where § = M~/2 and a, b, b are chosen in such a way that n € C1(R,) and
y € C%(R,). Then

a=a(8)=—h,(M),

b=b(s)=h(M)+Sloga,
b=b(e)=g(M)+5loga.

Note that § is selected so that
lim §(e) =0, lim a(g) = oo. (7
=0 =0
Now we are ready to define
0:=¢+2G +n(-2G), Y=y (-2G).

Then ¢ is plurisubharmonic in §2 and V¥ € Wllo’cz(D) is locally bounded from
above. We have

I(— 2 .
9V 7y < 10V 175 _ V(2607 <1 ing,
e 126 n’(=2G) |=6 on suppu
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(note that suppa C {—2G > M}) and

2 <o _fE)P(X (—210g |za)))?
88(,0_ i3d(n(— 2G)) 4|Gzn|2|zn|2 //( 2G) ’

|

where we follow the convention discussed before Theorem 2. Since the func-

tion —d8log(t — M + a) + ¢ is increasing in ¢ by (5) we have

Q_Qf>wm4 1 on {1 < M},

n" > (1-— 5)62g(M) h(M+M o {t > M)

and thus for sufficiently small &

N2
(1 — @)ezy—”“ > 1
n

on R . Theorem 2 now gives a solution u = u, of du = « such that

1
v,
where
Ade) == | f(@)I*(x'(—2log |zn|))262w_ad)h
o 4G, 2 za*n"(-2G)
‘We have
lim Ae) < Tim B(e) [ | fPevd)
e—0 e—0 o
where
B(e) ::/ (X/(—210g |§|))2 ez'/"”(—ZG)—ZGd)L(g)'
(e1<e) 4G 21E 10" (=2G)

We now want to replace G by log|¢| in the above integral. Note that

lim sup |§| e 20 =

e=>0(|7]<e) (CD(O))2
and near the origin
2
G PleP = (1-Cilgl)”.

Moreover on {|¢| < &} we have

2y — n(=2G) < 2y (-2log|¢| — Co) — n(—2log¢| — Co)

(®)
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C
<2y (~2log|zl) — n(~2log|2]) + 810g(1 + 7°)

and

a+ Cy 2
"(=2G) > 0 (=21 Co) > (=21 .
n"(=2G) = n"(-2log|¢| + o)_(a+2C0>n( og|¢|)

Hence, from (7) it follows that

2?li_r)r%)B(e) = (O))2 hm B(s)

where

Be) :/ O/ (Z2108ED)” >y (2108 -n-210g £ g3 ()
(Ic<ey 1S 170" (=21og |¢])

00 "N2,2y—n
e
M+Cy n
By the Schwarz inequality the optimal choice of increasing x with
o0
xeo= [~ =1
M+Coy
is
, t <M+ Cy,

x@® =9, 4
¢S wds, t=M+Co,

where w = "¢’ and ¢ = fA(z_CO wdt. Then

Ble) i
) =
iz, eV 27 di
and
o0 ~ o0
/ 0" di = 8P / (t +a)*2dt
M+Co Co
§—1
_ U (1 o) o —aganyiog—i )
1-46 a
By (6) and (7)
lim B(s) = 7
e—0
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and we have thus obtained that

_ b1
im | |ue?e %d) < 7f |12 2d)..
e—0 /0 ¢ (CD(O))2 2/ /

Finally, we note that if 0 <€ < ¢ then

(y’(—zG))z) 2 (-2G)-2G
. TR ! da
/{mfs}( n(—2G) )¢ )

| o2v(~2log|¢))—n(~2log|¢])
>
~ C(e) Jygi<a) 45

2b—b oo
e (t — M +a)°dt
C(e) —2log?

=0

dr(¢)

and (8) implies that u = 0 almost everywhere on £2’. The weak limit of

F

= F, given by (4) is the required extension. 0

Open Access  This article is distributed under the terms of the Creative Commons Attribution
License which permits any use, distribution, and reproduction in any medium, provided the
original author(s) and the source are credited.
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