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Abstract We show that a pluripotential proof of the uniform estimate in the Calabi-Yau theorem works also
in the Hermitian case.
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Tosatti and Weinkove [15] recently proved a general L*-estimate for the complex Monge-Ampere
equation on compact Hermitian manifolds. This gave, using estimates proved earlier in [6, 9, 8, 14], a
generalization of the Calabi-Yau theorem [16] to the Hermitian case. Subsequently, the estimate from [15]
was improved (with a different proof) by Dinew and Kotodziej [7]. The aim of this note is to give yet
another proof of this estimate. We will show that in fact a very simple modification of the proof for
Kéhler manifolds from [4] gives the required result.

We assume that M is a compact complex manifold of complex dimension n equipped with Hermitian
form w. We will give a simple proof of the following estimate shown already in [7] (where the method
from [11] was used):

Main Theorem. Assume that ¢ € C*(M) is such that w + dd°p > 0 and

(w+ddp)" = fw™.

Then forp > 1,
0SC Y < C(M,W7pa ||f||LP(M))

Our proof, as in [4], will use the local L?-stability for the complex Monge-Ampere operator which
is quite easy for ¢ = 2 (it is due to Cheng and Yau) and much more involved for ¢ > 1 (proved by
Kolodziej [10]). We will thus obtain a very simple proof of the above result for p > 2, and for arbitrary
p > 1, we will have to use Kotodziej’s local estimate (it is hidden in Proposition 2 below, see also Remark 2
below).

In the proof we will use the following two local results:

Proposition 1 [3].  Let Q be a bounded domain in C™. Suppose that u,v are continuous functions on
Q such that u < v on 0, u is plurisubharmonic in 2, v € C?(). Assume moreover that on the set
{dd°v > 0} we have (dd°v)™ < (dd°uw)™. Then u < v in Q.
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Proposition 2 [4].  Let u be a negative C? plurisubharmonic function in a bounded domain Q in C™.
Let a > 0 be such that the sublevel set {u < infgu + a} is relatively compact in Q. Then for p > 1, we
have

[ull = (@) < C(n,diam (), a, [[ul[z1 (@), p, [ fllLr @),
where f = det(u;g).
Remark 1.  The generalized comparison principle Proposition 1 for the real Monge-Ampeére was proved

n [12], the proof in [3] is essentially a repetition of that argument. In the complex case, in a slightly
weaker form than here, it was first proved in [13]. The inequality

02 (u+ v — v) (20 + Ca) /OCO(0) > 0

at the end of proof of Theorem 3.7 in [3] should be understood in the weak sense, namely that the function
¢ (u+ e —v) (2o + () is strongly subharmonic near 0.

Remark 2. The main tool in the proof of Proposition 2 in [4] is the following counterpart of the
Aleksandrov-Bakelman estimate from the real case: if v is a C? plurisubharmonic function in  vanishing
on 012, then for ¢ > 1, we have

o]l (@) < C(n, g, diam ()| £ oy (1)

where f = det(v;;). For ¢ = 2, it was proved by Cheng and Yau (see [1,5], and also [4]) and for arbitrary
g > 1 by Kotodziej [10]. The inequality (1) is not stated explicitly in [10] but it can be easily deduced
from the proof of Theorem 3 in [10]. To see that the constant depends only on the diameter of 2, let B
be a ball containing it and consider v plurisubharmonic and continuous in B, vanishing on 0B and such

that det(v,;) = f (in the weak sense of [2]), where

ra f7 in Q>
/= {0, in B\Q.

Then v < v < 0 in Q by the comparison principle and we get

~ nl/n 1/n
o]l @) < 125y < ClFI Fat sy = ClIF I Ertey

Proof of Main Theorem.  Assume that maxy; o = 0. Choose y € M, where ¢ attains minimum. We
can find a local potential g near y such that

1
addcg <w < Cddg (2)

for some uniform constant C' > 0 (depending only on M and w). The estimate
lellzrary < C(M,w) (3)

follows easily from local properties of the plurisubharmonic function C'g + ¢ and a finite number of other
similar plurisubharmonic functions on a finite number of charts covering M (for this it is enough to use
only that they are subharmonic).

Similarly as in [4], using the Taylor expansion of g about y, we can find a,r > 0, depending only on M
and w, and g € C*°(B(y,r)) satisfying (2) and such that g < 0, g attains minimum at y, and g > g(y)+2a
on 0B(y,r) (where B(y,r) is a ball centered at y with radius r in local Euclidean coordinates).

By [2] there exists u € C(B(y,r)), plurisubharmonic in B(y, ), such that u = (1/C)g + ¢ on dB(y,r)
and (dd°u)™ = fw™ in B(y,r). We have

1
Cgto<u< g9+, (4)



Btocki Z Sci China Math ~ July 2011 Vol. 54 No.7 1377

where the first inequality follows from the standard comparison principle [2] and the second one from
Proposition 1. From (3) and the first inequality in (4), it follows that |lu z1(B(y,r)) is under control. By
the second inequality in (4) on 0B(y,r), we have

1 1 2a
u=¢+ 59200+ 50y) +2a) > B?;i»)“ + 5

and therefore, {u < infqu + a/C} is relatively compact in B(y,r). Proposition 2 now implies that
l|lull Lo (B(y,r)) is under control, and the required estimate follows. m]

Acknowledgements This work was supported by the Polish Ministry of Science and Higher Education (Grant
Nos. NN201268335, 189/6PREU/2007/7). The author is grateful to both referees for their remarks which helped
clarify certain technical aspects of this proof.

References

1 Bedford E. Survey of pluri-potential theory. In: Fornzess J E, ed. Several Complex Variables. Proceedings of the
Mittag-Lefller Institute 1987-1988. Princeton: Princeton Univ Press, 1993, 48-97

2 Bedford E, Taylor B A. The Dirichlet problem for a complex Monge-Ampére equation. Invent Math, 1976, 37: 1-44

3 Btlocki Z. The complex Monge-Ampeére operator in hyperconvex domains. Ann Scuola Norm Sup Pisa, 1996, 23:

721-747

Blocki Z. On uniform estimate in Calabi-Yau theorem. Sci China Ser A, 2005, 48(Supp): 244-247

Cegrell U, Persson L. The Dirichlet problem for the complex Monge-Ampere operator: Stability in L?. Michigan Math

J, 1992, 39: 145-151

Cherrier P. Equations de Monge-Ampere sur les variétés Hermitiennes compactes. Bull Sci Math, 1987, 111: 343-385

Dinew S, Kotodziej S. Pluripotential estimates on compact Hermitian manifolds. arXiv: 0910.3937

Guan B, Li Q. Complex Monge-Ampeére equations on Hermitian manifolds. arXiv: 0906.3548

© 00 N O

Hanani A. Equations du type de Monge-Ampere sur les variétés Hermitiennes compactes. J Funct Anal, 1996, 137:

49-75

10 Kolodziej S. Some sufficient conditions for solvability of the Dirichlet problem for the complex Monge-Ampeére operator.
Ann Pol Math, 1996, 65: 11-21

11 Kolodziej S. The complex Monge-Ampere equation. Acta Math, 1998, 180: 69-117

12 Rauch J, Taylor B A. The Dirichlet problem for the multidimensional Monge-Ampere equation. Rocky Mountain Math
J, 1977, 7: 345-364

13 Sibony N. Principe du maximum sur une variété C. R. et équations de Monge-Ampere complexes. In: Lecture Notes
in Math, 578. Berlin: Springer, 1977, 14-27

14 Tosatti V, Weinkove B. Estimates for the complex Monge-Ampere equation on Hermitian and balanced manifolds.
Asian J Math, 2010, 14: 19-40

15 Tosatti V, Weinkove B. The complex Monge-Ampeére equation on compact Hermitian manifolds. J Amer Math Soc,
2010, 23: 1187-1195

16 Yau S T. On the Ricci curvature of a compact Kéhler manifold and the complex Monge-Ampere equation, I. Comm

Pure Appl Math, 1978, 31: 339-411



