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ABSTRACT. We show that if the function x : R — R is increasing, convex, and
satisfies f::o(—x(t))”_Q(X’(t))th < 00, n > 2, then for any plurisubharmonic u
the complex Monge-Ampere operator (dd®)™ is well defined for the plurisubharmonic
function x o u. The condition on x is optimal.

1. INTRODUCTION

In [2] and [3] the domain of definition D for the complex Monge-Ampeére operator
(dd®)™ was defined as follows: we say that a plurisubharmonic function u belongs
to D if there is a regular measure p such that for any sequence wu; of smooth
plurisubharmonic functions decreasing to u the Monge-Ampere measures (dd“u;)"
converge weakly to p. (In this definition we consider germs of functions on C™, so
that the approximating sequence u; may be defined on a smaller domain than g
is.) It was for example shown in [2], [3] that if D > u < v € PSH then v € D, and
that for n = 2 we have D = PSH N I/Vlloc2

In this note we show the following result (we always assume n > 2):

Theorem 1. Assume that x : R — R is increasing, convex, and such that

(1) | exr o < o

— 0o
Then for any plurisubharmonic u we have x ou € D.

The assumptions in Theorem 1 are for example satisfied for the function x(t) =
—(=t)* (for t < —1), where 0 < o < 1/n. As an immediate consequence of
Theorem 1 we thus obtain the following property of pluripolar sets (compare with
Theorem 5.8 in [4]):

Corollary. If E C C" is pluripolar then E C {u = —oo} for some u € D(C™).

The main tool in the proof will be the following characterization of the class D
(see [3]): for a negative plurisubharmonic function v we have u € D if and only
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if there exists a sequence (or equivalently: for every sequence) u; € PSH N C™
decreasing to u the sequences

(2) (—u)" 27 *duj A duj A (dduz)® AR B =0,1,...,n -2,

are locally uniformly weakly bounded (here w := dd®|z|?).
It follows easily from (2) that (1) is an optimal condition: if x(log |z1|) € D then
by (2) for kK = 0 we have

/ (=x(log [C[)" (X" (og [€]))* ;|
{I¢I<e} e

(¢) < oo,

which is equivalent to
loge
| exor et < o

A result related to Theorem 1 has been proved by Bedford and Taylor (see [1],
p. 66-69). They namely showed the following:

Theorem 2. Assume that ¢ : Ry — R is decreasing and such that
/ oz) dr < oo.
1 x

Let v be a plurisubharmonic function such that for some negative plurisubharmonic
u we have —(—u ¢ ou)'/™ <w. Then v € D.

We will now show how Theorem 1 implies Theorem 2. Set

A(t) == _%/f\,d)(_—;) ds, t<0.

Then
1 —t
=1, [0
and thus v: R_ — R_ is convex and increasing. Moreover,
d 1 —1/2
= (~to=0)72) = 5 (= (o)) (=) — t8' (1) <7 (0).

Therefore v(t) < —(—tp(—t))*/2, t < 0. Thus

X(t) = =(=v()*" < —(=tg(—t)!/",

x : R_ — R_ is convex and increasing, and

-1 -1
| e wra= o [ @@ <.
By Theorem 1 we have y ou € D and it is now enough to apply Theorem 1.2 in [3].

The author would like to thank the organizers of the Complex Analysis and
Functional Analysis conference held at Sabanci University in Istanbul in September
2007 for the invitation. He is also grateful to Azim Sadullaev for his interest in the
problem.
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PRrROOF
Theorem 1 will be proved by successive application of the following estimates:
Lemma. Letv:R — Ry be continuous and such that fi)oo ~(t) dt < co. Set
t 0
0= [ wds o= [ s 1<,

so that f,g >0, ' =~, ¢ = —f. Assume that K € §, where Q is a domain in
C™. LetT,S be closed positive currents in Q0 of bidegree, respectively, (n—1,n—1)
and (n —2,n — 2). Then for any negative w € PSH N C>(Q) we have

(3) /fyoudu/\dcu/\TgCl/gouw/\T,
K Q
(4) /’youdu/\dcu/\ddcu/\sgCg/foudu/\dcu/\w/\S,
K Q

where C1,Cy are positive constants depending only on K and €.

Proof. Let ¢ be a nonnegative test function in 2 with ¢ =1 on K. Then
/fyoudu/\dcu/\Tg/gpfyoudu/\dcu/\T
K Q
:/god(fou)/\dcu/\T
Q
:—/gpfouddcu/\T—/foudcp/\dcu/\T
Q Q
§—/foudgo/\dcu/\T
Q
:/dgo/\dc(gou)/\T
Q
:—/gouddcga/\T
Q
§Cl/gouw/\T.
Q
To show (4) we start the same way:
/"youdu/\dcu/\ddcu/\Sg—/gouddcgo/\ddcu/\S
K Q
:—/foudu/\dcu/\ddcgo/\S
Q

SC’g/foudu/\dcu/\w/\S. 0
Q

Proof of Theorem 1. Without loss of generality we may assume that v < —1 and
x(0) = 0 (because subtracting a constant from y does not change (1)). For k =
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0,1,...,m —2 we set 7 := (—x)""27%(x’)¥*2. Our goal is to show that for K &
QCC”and ue PSHNC>®(R), u < —1, the following estimate holds

—1
(5) /Kfyk oudu Adu A (ddu)® Awn k1 < C/ Yo(t)dt |[ul| 1 (),

oo

where C' is a positive constant depending only on K an €. In view of (2) this will
finish the proof.

By F denote the class of those 7 that satisfy the assumptions of Lemma, that is
v: R — Ry is continuous and f v(t)dt < co. For v € F we also define

(F)(t) == / 2(s)ds, teER,

and Fly:= F... Fy. Note that since \'(s) < x(s)/s for s < 0, we have 7, € F by
(1). We claim that Fy, € F for kK > 1. For a < 0 by the Fubini theorem we have

/ / Yo(s) ds dt = / /% )dtds < — / () ds.

Hence it follows that for kK =1,. —
F?y, < Fyp_1 onR_.

This implies that Fly, € F,l=1,...,k+1, and
-1
(6) FkH'yk < (Fy)(-1) = / Yo(t)dt on (—oo,—1].

— o

Using (4) k times we will get

/ Yk o udu A du A (ddu)® A w1 < C(K, Q’)/ (FFyp) oudu A déu Aw™ 1,
K

/

where K €@ ) @ ). Now set

0
glt) = / (FF1y)(s) ds, ¢ <0.
Then by (3)

/Vkoudu/\dcu/\(ddcu)k/\w”_k_1 SC(K,Q)/gouw"7
K Q

and by (6)
(t) < |t\/_ Yo(s)ds, t<O.

We thus obtain (5). O
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