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Theorem 0 Q2 convex domain in C". Then for w € Q

1 4n
Min(w)) = M) = Sy

where
Ka(w) = sup{|f(w)]*: f € O(Q / If[2d) < 1}

is the Bergman kernel on the diagonal and

lo(w) ={¢'(0) : ¢ € O(A,Q), ¥(0) = w}
is the Kobayashi indicatrix (A is the unit disk in C).

The lower bound in (1) follows from the D-equation and Lempert’s theory.

w__n

It is optimal: if 2 is balanced w.r.t. w then "=".

Sketch of proof of the upper bound Denote I := int Io(w) and assume
that w = 0. One can show that / C 2€2. Then

A
A(1/2)
If Q is symmetric (w.r.t. w =0) then | C 4/7Q and 4 ~> 16/72 in (1).

n

Ka(0)A(1) < Ki2(0)A(1) =



These estimates can be written as
1< FQ(W) <4

where
Fa(w) = (A(la(w))Ka(w)))""

is a biholomorphically invariant function.

e Find an example with Fo # 1.
e What are the properties of the function w — A(lq(w))?
e What is the optimal upper bound for Fqo?

In this talk we will restrict ourselves to studying convex complex
ellipsoids in C2:

E(p.q) = {z € C: |z + [P <1}, p.q>1/2.



Blank-Fan-Klein-Krantz-Ma-Pang (1992) found implicit formulas
for the Kobayashi function of £(m, 1). Thus they can be made explicit
for m = 1/2. Using this one can prove

Theorem 1 For Q = {|z1| + |z|?> < 1} and b € [0,1) one has

Mla((b,0))) = %2(1 — b)3(1+3b+3b% — b°)

and
(1 - b)3b?

AMla((b,0)))Ka((b,0)) =1+ 34 b
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Although the Kobayashi function of £(m, 1) is given by implicit formulas,
it turns out that the volume of the Kobayashi indicatrix can be computed
explicitly:

Theorem 2 For Q = {|z1]*™ +|z|> < 1}, m > 1/2, and b € [0,1) one has

A(la((b,0)))

— 22| m—1 6m+2 3(m—1) 2m+2
2m(3m—2)(3m—1) 2m(m —2)(m+ 1)
m 3m 4m—1 m
b° b* — b .
+2(m—2)(3m—2) +3m—1 2m +m—|—l}
For m=2/3

2
A(la((b, 0))) = % (—65b6 + 4068 log b + 160b% — 275'%/3 — 10062 + 32) ,

and m=2

2

A(la((b,0))) = ;To (—3b™ — 25b° — 1206° log b + 288b* — 420> + 160) .



About the proof Main tool: Jarnicki-Pflug-Zeinstra (1993) formula for
geodesics in convex complex ellipsoids. If

CoU>3z+—(f(2),8(2)) €0l

is a parametrization of an S'-invariant portion of 9/ then the volume of
the corresponding part of / is given by

™
5 | IH@)A) @)
U
where
H = 1FP(gsP = &%) + P16 - 1£) + 2Re (Fa(Fe: - Fes).

Both H and the integral (2) are computed with the help of Mathematica.
The same method is used for computations in other ellipsoids.



For Q = {|z1]>™ + |z2|? < 1} the formula for the Bergman kernel is well
known:

m-2(/m 4 D= [PV 4 (1/m 1)l
(1= [wol)V/m — |wy 2)?

)

1
Ka(w) = (1w’

so that
m+1+(1—m)b?

m2m(1 — b?)3

KQ((ba 0)) =

Since for t € R and a € A the mapping

w(1—[aP)2m 2 —a
(1—3z)/m 1 -3z

Qaz»—><e

is a holomorphic automorphism of Q, Fq((b,0)) for b € (0,1) attains all
values of Fq in Q.
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(highest value of Fq obtained so far in arbitrary dimension)



Theorem 3 For Q = {|z1| + |z2| < 1} and b € [0,1) one has

Aal(5,0) = (1~ 8" (1 ~ b)* + 88)

and
(1-b)*

/\(/Q((ba 0)))K§2((b7 0)) =1+ b2 (1 + b)4

The Bergman kernel for this ellipsoid was found by Hahn-Pflug (1988):

2 31— (W) (1+ [w]?) + 4w ?|wel*(5 — 3|w/?)

Ka(w) = ,
o) = (1= [w[2)2 — 4wa[2|w,2)?
so that 6(1+ 52)
Ka((b,0)) = 2By

In all examples so far the function w — A(Jq(w)) is analytic. Is it true in
general?



Theorem 4 For Q = {|z1| + |z2| < 1} and b € [0,1/4] one has

2
Mla((b, b)) = % (30b% — 64b" + 80b° — 80b> + 76b* — 166> — 8b> +1).



Since Kq((b, b)) =
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2(3 — 662 + 8b%)
72(1 — 4p2)3

Since Kq((b, b)) = , we get the following picture:
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Fa((b,b)) in Q = {|z1| + || < 1} for b € [0,1/4]

By Theorem 0 b — Fq((b, b)) cannot be analytic on (0,1/2)!



Theorem 4 For Q = {|z1]| + |z| < 1} and b € [0,1/4] one has

2

3

Ala((b, b)) =

For be[1/4,1/2

(306° — 64b" +80b° — 80b° + 765" — 16b> — 8b +1).

E o

272b(1 — 2b)3 (721:3 +3b2 — 6b+ 4)

A(la((b, b)) =

3(1 — b)?
™ (30b1° — 124b° 4 2386° — 176b7 — 26060 + 424b° — 76b* — 144b° + 89b% — 18b + 1)
"
6(1 — b)?
4b—1
X arccos (71 + )
2b2
(1 — 2b) (7180b7 + 44465 — 5545 + 754b% — 1214b° + 92262 — 305b + 37)
+ Vab —1
72(1 — b)
amb(1 — 2b)* (767 + 2b - 2)
arctan \/4b — 1
3(1 — b)?
47b?(1 — 2b)*(2 — b) 1—3b

arctan

(1 — b)? (1—b)Vab—1




By x_(b), resp. x+(b), denote A(la((b, b))) for b < 1/4, resp. b > 1/4.
Thenat b=1/4

o lsseT , o, ., 32,
X== X+ T 106608 © X T X+ T Te1aa"

/ I 215 , @) _ X(3) _ 178571_2

VSN S e XS = = g
but 1549
4 4
x(,) =16 72, xgr) = o0.

Corollary For Q = {|z1] 4 |z2| < 1} the function w — A(lq(w)) is not
C3latw=(1/4,1/4).
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Thank you!



