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Topics

e Suita conjecture (1972) from one-dimensional complex analysis

e Optimal constant in the Ohsawa-Takegoshi extension theorem (1987)
from several complex variables

o Mahler conjecture (1938) and Bourgain-Milman inequality (1987)
from convex analysis

Link: Hormander’s [2-estimate for d-equation

Lars Hérmander (24 11931 - 25 XI 2012)

o |2 estimates and existence theorems for the O operator, Acta Math.
113 (1965), 89-152

e An Introduction to Complex Analysis in Several Variables, Van
Nostrand, 1966 (1st ed.)



Suita Conjecture
Green function for bounded domain D in C:

AGD(~,Z) = 27T'5z
Gp(-,z) =0 on 9D (if D is regular)

cp(z) :==exp Cli_n)wz(GD(C,z) —log|¢ — z|)
(logarithmic capacity of C\ D w.r.t. z)

¢pldz| is an invariant metric (Suita metric)

|Og CD)zz

CurVep|dz| = _%
)

Suita Conjecture (1972)  Curvg,jq, < —1

e "="if D is simply connected

wo_n

e “<" if D is an annulus (Suita)

e Enough to prove for D with smooth boundary

e “="on 9D if D has smooth boundary

We essentially ask whether Curv,,|q;| satisfies the maximum principle.
In applied math. and physics it is in general a hard problem to compute
the Green function for multiply connected domains, even, numerically.



Curvey|gz| for D = {e™® < |z| < 1} as a function

of log |z|




In general, curvatures of invariant metrics do not satisfy the maximum
principle: for example the curvature of the Bergman metric for
D = {e~® < |z| < 1} as a function of log |z| looks as follows




Reformulation of the Suita conjecture:

2
m(log cp) =7Kp, (Suita)

where Kp is the Bergman kernel on the diagonal:

Ko(z) = sup{|f(z)]2 : f € O(D /|f\ dr <1},

(Bergman kernel really is the reproducing kernel for the L? holomorphic
functions:

f(w) = /D fKp(-,w)d\, feOnL*D), weD.)



Therefore the Suita conjecture is equivalent to
2
¢p S 7TKD.

Ohsawa (1995) observed that it is really an extension problem: for z € D
find holomorphic f in D such that f(z) =1 and

o< et

Using the methods of the original proof of the Ohsawa-Takegoshi
extension theorem he showed the estimate

C/_2) < CTFKD
with C = 750.

c=2 (B., 2007)
C =1.95388... (Guan-Zhou-Zhu, 2011)



Ohsawa-Takegoshi Extension Theorem

A function ¢ : Q@ = RU {—o0}, Q C C", is called plurisubharmonic (psh)
if it is u.s.c and subharmonic on every complex line.
Equivalently, (9%¢/0z;0z) > 0.

A domain Q C C" is called pseudoconvex (pscvx) if there exists a
plurisubharmonic exhaustion function in Q, i.e. ¢ € PSH(Q) such that
{o <t} CcC Q for every t € R.

(Analogy to convex functions and domains.)

Ohsawa-Takegoshi Extension Theorem (1987)

Q bounded pscvx domain in C", ¢ psh in Q

H complex affine subspace of C”

f holomorphic in Q' :=QNH

Then there exists a holomorphic extension F of f to Q such that

/|F|2e*“"d>\ < Crm | |flPe=?dN,
Q Q/

where C depends only on n and the diameter of €.



Ohsawa-Takegoshi Extension Theorem (1987)

Q bounded pscvx domain in C", ¢ psh in

H complex affine subspace of C”

f holomorphic in Q' :=QnNH

Then there exists a holomorphic extension F of f to Q such that

/|F|2e_“’d)\ < C7r/ IFRe=?dN,
Q (o4
where C depends only on n and the diameter of Q.

Siu / Berndtsson (1996)
If Q C C" ! x {|z,|] <1} and H = {z, = 0} then C = 4.

Problem Can we improve it to C =17
This can be treated as a multidimensional version of the Suita conjecture.

B.-Y. Chen (2011) Ohsawa-Takegoshi extension theorem can be proved
using directly Hormander's estimate for J-equation!



0 - Equation
For a complex-valued function u of n complex variables we define

= ou ou
81.1—8721(121—'—"'—‘-62”

dz,.

u is holomorphic if and only if du = 0. For a (0,1)-form
a=o1dz; + -+ apdz,

we set _ _ _
Oa= 0oy Ndzy + - -+ + Oa,, \ dz,.

We will consider the equation
ou = a.
Since 0% = 0, the necessary condition is da = 0, that is

Oaj _ 9oy

0z - 8721



Hormander's Estimate

Theorem (Hérmander, 1965)

§2 pscvx in C", ¢ smooth, strongly psh in Q2
o= adz € L%oc,(O,l)(Q)' OJa = O_

Then one can find v € L2 _(Q) with du = o and

loc

/|u|2e*”d)\§/|a\faéwe*@d)\.
Q Q

Here |O“?a&p =ik @k ajou, where (<p_f;) = (0%¢/02;0z) " is the
length of a w.r.t. the Kahler metric i00y.

Hormander's estimate for (0, 1)-forms is a great tool for constructing
holomorphic functions (even in one variable!).
For a = Ox and any solution u to

5(120[

the function f = x — u is holomorphic.



Building up on Donnelly-Fefferman, Berndtsson and B.-Y. Chen one can
show:

Theorem (B., 2013) Q pscvx in C", ¢ smooth, strongly psh in Q
a € L,OC ©0.1) (Q), 0a=0

NS wk 2( ) locally bounded from above, s.th.

loc
<1 in Q
| 1&\,3@, .
<J<1l onsuppa

Then there exists v € L2 () with Ju = a and

_ 1+Vo B
/|u\ 1_|81/"/aa )e2V=d) < 17\[/| 25, 2P\

Remarks 1. Setting ¥ = 0 we recover the Hérmander estimate.

2. This theorem implies previous estimates for 9 due to
Donnelly-Fefferman and Berndtsson with optimal constants.

3. Most importantly: it gives the Ohsawa-Takegoshi extension theorem
with optimal constant.



Theorem (B., 201:_3) Q pscvx in C", ¢ smooth, strongly psh in Q,
o€ L%oc,(o,l)(Q)' da=0

(NS W,(ljf(Q) locally bounded from above, s.th.

~ <1 in Q
|87/]‘255 P N .
1999 1< <1 onsuppa

Then there exists u € L2 _(Q) with Ju = o and

loc

_ - 1+6 _
/Q|u\2(1—|a¢\,?agw)e2w “d) < l_ﬁ/ﬂmfagwew “dA.

Proof By approximation we may assume that ¢, v are bounded in Q
u minimal solution to du = a in L?(Q, e¥~%)

= u L kerd in L?(Q, e¥~%)

= v:=ue? | kerd in L2(Q, e %) (twisting)

= v minimal solution to Ov = 8 := e¥(a 4 udv) in L2(Q, e ¥)

Hormander = /\v|2e_9"d)\§/|ﬂ\f85 e ¥d\
Q Q ®



Therefore
/|u\2e2w_“’d>\§/\a+u8_1/)\,?35¢e2w_9”d)\
Q Q
< [ (1afhs, + 201V Alaloa, + uPH) &vdx
Q

where H = |5¢|f85¢. For t > 0 we will get

/ lul?(1 — H)e*¥=?d)\
Q
. H B
< o () ]
< (1+t )/O‘Laa@ 2= 4\

+ t/ |ul?(1 — H)e*Y~%d.
Q

We will obtain the required estimate if we take t := 1/(6-/2 4 1).



Theorem (Ohsawa-Takegoshi with optimal constant, B. 2013)

Q pscvx in C"~1 x D, where 0 € D C C,

© psh in Q, f holomorphic in Q' := QN {z, =0}

Then there exists a holomorphic extension F of f to Q such that

Fl2e=?d) < L/ Fl2e=%d).
NG (O Jo

(For n =1 and ¢ = 0 we obtain the Suita conjecture.)

Crucial ODE Problem Find g € C%}(R,), h € CY}(R,) s.th. ' <0,
h" >0,

tIer;O(g(t) +logt) = tILngo(h(t) +logt)=0
and &)
g 2g—h
(-G )z
Solution h(t) := —log(t+e ' —1)

g(t):=—log(t+e *—1)+log(l—e").



Guan-Zhou recently gave another proof of the Ohsawa-Takegoshi with
optimal constant (and obtained some generalizations) but used
essentially the same ODE.

They also answered the following, more detailed problem posed by Suita:

Theorem (Guan-Zhou) Let M be a Riemann surface admitting a
non-constant bounded subharmonic function. Then one has equality in
the Suita conjecture (at any point) if and only if M = A\ F, where F is
a closed polar subset of A.



A General Lower Bound for the Bergman Kernel

Theorem Assume that Q is pscvx in C". Then for t <0 and w € Q

1
Ka(w) > e 2mA\({Ga,w < t})’

where
Ga(-,w) = Go,w = sup{u € PSH™(Q), @(u(z) —loglz — wl|) < oo}

is the pluricomplex Green function with pole at w.

For n = 1 letting t — —oo this gives the Suita conjecture:

ca(w)?

™

KQ(W) >




Proof 1 (sketch) Using the Donnelly-Fefferman estimate for 0 one can
show that

|f(w)]? Cn,3
K2 T 2 X{Gaw < 2D’
where
_ B gy [T g
Cn,a_ (E1(na)+\/E)2’ E( ) /a S ds.

Tensor power trick Q:=Qmc cmm ow = (w,...,w), m>0

Ka(w) = (Ka(W))", A2om({Gg 5 < —a}) = (Ran({Ga,w < —a})™.

Cnm,a
Ko(w))™ > J
Kalw))™ 2 3, (G < —a))
but
lim c,%,/n’g:e_%a. O

m— 00



Proof 2 (Lempert) By Maitani-Yamaguchi / Berndtsson's result on
log-(pluri)subharmonicity of the Bergman kernel for sections of a
pseudoconvex domain it follows that log K¢, , <+}(w) is convex for
t € (—00,0]. Therefore

t — 2nt +log Kig,,,<¢} (W)

is convex and bounded, hence non-decreasing. It follows that

e2nt

K. > 2ntK > -
Q(W) Z € {GQ‘w<t}(W) = )\({GQ,W < t})

Three proofs of the Suita conjecture:

1. One-dimensional (ODE)
2. Infinitely-dimensional (tensor power trick)
3. Two-dimensional (Lempert)

Berndtsson-Lempert Proof 2 can be improved to obtain the Ohsawa-
Takegoshi extension theorem with optimal constant (one has to use
Berndtsson's positivity of direct image bundles).



Theorem Assume €2 is pscvx in C". Then for t <0 and w € Q

1
e 2 A({Gaw < t})

KQ(W) Z

What happens when t — —oc for arbitrary n?
For convex domains one can use Lempert's theory to obtain:

Theorem If Q is a convex domain in C" then for w € Q

Lt
Ala(w))’

loa(w) ={¢'(0): ¢ € O(A,Q), ©(0) = w} (Kobayashi indicatrix).

KQ(W) >

Multidimensional version of the Suita conjecture (B.-Zwonek)
If Q C C"is pscvx and w €  then

1

Kalw) = S0y

1G(w) = {X € C" :lim¢_0 (Ga,w(w + ¢X) — log [¢]) < 0}
(Azukawa indicatrix)



For convex domains we also have the upper bound:
4n

Theorem (B.-Zwonek) © convex, w € Q = Kq(w) < ———.

1.010 r
1.008 }
1.006 }
1.004 }

1.002 -

—
0.2 04 0.6 0.8 10

(Ka(w)A(ln(w)))"? for @ = {|z1]*™ + |2|> < 1}, w = (0,b), 0 < b < 1
m = 4,8,16,32, 64,128

supg — 1.010182... as m — oo



Theorem Assume Q is pscvx in C". Then for t <0 and w € Q

1
Ka(w) > e2mA\{Gaw < t})

Conjecture For pseudoconvex Q the function t — e*"* \({Gq.w < t}) is
increasing.

Theorem (B.-Zwonek) Conjecture is true for n = 1.

Proof: isoperimetric inequality

For arbitrary n the conjecture is equivalent to the following pluripotential
isoperimetric inequality:

do
—— >2X(Q
/BQ ‘VGQ,Wl - ( )

for smooth, strongly pseudoconvex €.

Possible future interest: compact Kahler manifolds.



Mahler Conjecture

K - convex symmetric body in R”
K :={yeR":x-y <1forevery x € K}

Mahler volume := A(K)A(K")

Mahler volume is an invariant of the Banach space defined by K: it is
independent of linear transformations and of the choice of inner product.

Blaschke-Santalé Inequality (1949) Mahler volume is maximized by balls
Mahler Conjecture (1938) Mahler volume is minimized by cubes
True for n = 2:

Hansen-Lima bodies: starting from an interval they are produced by
taking products of lower dimensional HL bodies and their duals.

n=2




Equivalent SCV formulation (Nazarov, 2012)

For u € L?(K’) we have

/ udX\

with equality for u = yk+. Therefore

2

[a(0)* = < MK ullEziry = ) 7" AK) (@[> ey

2
AK") = (27)" sup M,
fer ||f||L2(R”)

where P = {i: u € L?(K’)} € O(C"). By the Paley-Wiener thm
P ={fcO(C"): |f(z)| < CeI, |f(iy)| < CeWU)},

where gk is the Minkowski function for K. Therefore the Mahler
conjecture is equivalent to finding f € P with £(0) =1 and

[ 1F(9PdA) < n (g)"A(K).



Bourgain-Milman Inequality

Bourgain-Milman (1987) There exists ¢ > 0 such that
n

AKNK') > c”%.

Mahler Conjecture: ¢ =1
G. Kuperberg (2006) ¢ = /4
Nazarov (2012) SCV proof using Hérmander's estimate (c = (7/4)3)

Consider the tube domain Tk := intK + /iR" C C". Then

21 nl An(K')
(&) g =@ = 556

Therefore



W
The upper bound K7, (0) < n (K)

easily follows from Rothaus’

" Ap(K)
formula (1968):
d\
(o) = (27 [
where
Jk(y) :/ e >V dA(x).
K
T\ 20 1
To show the lower bound Kr, (0) > (Z) Cul(K))2 we can use the
estimate: 1 ’
Kr.(0) > ————
O = %o )
and
" 4 .
Proposition I1,(0) C —(K + iK)
™
m\" 1
: S (™" __ 1
Conjecture Kt,.(0) > (4) ENCIE

This would be optimal, since we have equality for cubes.



However, one can check that for K = {|x1| + |x2| + |x3] < 1} we have

Kr,(0) > (%)3 m

This shows that Nazarov's proof of the Bourgain-Milman inequality
cannot give the Mahler conjecture directly.



Thank you!



