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I. Suita Conjecture
Green function for D C C:

AGp(-, z) =270,
Gp(,z)=00n 90D

ep(z) := exp lim (Gp(C, 2) —log|C — 2])
(logarithmic capacity of C\ D w.r.t. z)
Kp(z) :=sup{|f(z)|? : f holomorphic in D, [, |f|?d\ <1}
(Bergman kernel on the diagonal)
Suita conjecture (1972): ¢% < 7Kp
Geometric interpretation: since
1 92
70202

Kp (logep)
it is equivalent to
Curve ) jq.) < —1

w_n

° if D is simply connected

e “<" if D is an annulus and thus any regular doubly connected domain
(Suita)



Curve gz for D = {e™5 < |z| < 1} as a function of t = —2log |z|
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Curvg gzp2 for D = {e710 < |2| < 1} as a function of t = —21log 2|
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Curv(ig i ), 2 |dz)2 for D= {e7% < |z| < 1} as a function of t = —21log 2|



Il. Ohsawa-Takegoshi Extension Theorem
QCC? p: Q= RU{—0c0}
. . . . 8%
@ is called plurisubharmonic (psh) if (3%7‘951«) >0
Q) is called pseudoconvex if there exists smooth psh exhaustion of 2

Theorem (Ohsawa-Takegoshi, 1987)

) - bounded pseudoconvex domain in C", ¢ - psh in Q

H - complex affine subspace of C™

f - holomorphic in Q" :=QNH

Then there exists a holomorphic extension F' of f to € such that

/ |F|26_‘Pd)\§C(n,diamQ)/ [f2e=%dN.
Q Q7

Theorem (Berndtsson, 1994)

Q - pseudoconvex in C* ™! x {|z, < 1}, ¢ - psh in

f - holomorphic in Q' := QN {z, =0}

Then there exists a holomorphic extension F' of f to €2 such that

/ |F|2e=?d) < 47r/ If]2e=%dN.
Q Q7



Ohsawa (1995) observed that the Suita conjecture is equivalent to: for
z € D there exists holomorphic f in D such that f(z) =1 and

2 ™
s s

Using the methods of the d-equation he showed the estimate
CQD < CnKp

with C' = 750. This was later improved to C' = 2 (B., 2007) and to
C = 1.954 (Guan-Zhou-Zhu, 2011).

Theorem (Z Dinew, 2007)

Q - pseudoconvex in C*~1 x D, where 0 € D C C, ¢ - psh in Q,
f - holomorphic in Q' := QN {z, =0}

Then there exists a holomorphic extension F' of f to 2 such that

2 4m 2,—¢ gy
/\F\e“"d)\<( N / f|2e=Pdn.

In 2011 B.-Y. Chen showed that the Ohsawa—Takegoshi_extension theorem
can be shown using directly Hérmander's estimate for 0-equation!



Ill. Hormander's Estimate

a=3,a;dz; € LZQDC,(O,l)(Q)' Qccn
5 Oay; O
Assume that da = 0 (that is & = ﬁ
82;2 0Z;
Looking for u € L2 () solving du = o with estimates.

Theorem (Hérmander, 1965)
Q) - pseudoconvex in C”, ¢ - smooth, s_trongly psh in
Then for every o € L? © 1)(9) with da = 0 one can find u € L2 _(Q)

- loc
with du = « and

/Q\u\ze_%d)\g/‘Q\aﬁagwe_“"d/\.

Here |a|§85¢ =32,k PjEQ 0k, Where (pIF) = (82 /02;07),) ", is the
length of  w.r.t. the Kihler metric i0d.

The estimate also makes sense for non-smooth ¢: instead of |a|?aé¢ one
has to take any H € L{?.(2) with

ia Aa < Hiddyp
(B., 2005).



Theorem. 2 - pseudoconvex in C”, ¢ - psh in Q

2 50 —
a € Lloc,(O,l)(Q)' Oa=0
NS Wllof (€2) locally bounded from above, s.th.

Bl <1 in Q
W99 1 <5< 1 onsuppo.

Then there exists u € L? () with du = o and

- _ 1+V5 -
2 2 2 2 2
/Q lu]*(1 — |8¢|iaéw)e Y=Pdx < v /Q re% 100,€ Y=dA.

Sketch of proof (ideas going back to Berndtsson and B.-Y. Chen). By
approximation we may assume that ¢ is smooth up to the boundary and
strongly psh, and v is bounded.

u - minimal solution to du = « in L?(Q,e¥~%)

= u L kerdin L?(Q,e¥ %)

= v:=ue¥ Lkerdin L?(Q,e™%)

= v - minimal solution to Jv = 8 := ¥ (a + udy) in L2(Q, e %)

By Hormander's estimate

|u|262¢—4’d,\:/ \v\Qe_“’d)\S/ 182, 5 e Pd\ = ...
/Q Q o 9%



IV. Main Result

Theorem. € - pseudoconvex in C*~! x D, where 0 € D C C,
@ - psh in Q, f - holomorphic in Q' := QN {z, =0}
Then there exists a holomorphic extension F' of f to € such that

2 _ 2 — ’
/\F\ NS s (0)) / |f|2e—?dN.

Sketch of proof. By approximation may assume that €2 is bounded,
smooth, strongly pseudoconvex, ¢ is smooth up to the boundary, and f is
holomorphic in a neighborhood of .
e>0

a:=9(f(z")x(—2log |zn])),
where x(t) =0 for t < —2loge and x(c0) = 1.
G:=Gp(-0)

¢ =9 +2G+n(—2G), :=~(—2G).

F = f(z')x(~2log|zn|) —u
where u is a solution of u = « given by the previous thm.



V. ODE Problem

Find g € CO1(R4), h € CY1(Ry) such that
tlingo(g(t) +logt) = tlﬁl}ngo(h(t) +logt) =0

2
(1 - 7(‘23 ) 29t >

h(t) == —log(t+e - 1)
g(t) := —log(t+e* — 1) +log(l —e™%).



VI. Remaining Open Problem

M - hyperbolic Riemann surface, i.e. it admits a bounded nonconstant
subharmonic function. Then cjs|dz| is an invariant metric on M (Suita
metric).

Theorem. Curve,, 4. < —1

Conjecture. "<” <& M ~ A\ F (A - unit disk, F' - polar)



