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Formulas for the Bergman kernel in P = {r < |z| < 1}
|. Since (27);ez is an orthogonal system in P, we have

Kp(z,w) = h;;\),

where A = zw and
1 GN
APV N L
2log(1/r) = 1— 72
Zeros of Kp: If r < e~* then h has a zero in
S:={N=rtU{deR:r? < |\ <1}
(Skwarczynski, 1969).

Proof: h(A) e Rfor A€ S, h>0in SNR, and
h<0in SNR_ near —1.



Il. Weierstrass elliptic function P:

wi = —logr, we=mi, A:={2jwi+2kws: (j, k)€ Z?}
1 1 1
PO =5+ X (poop )

h(A\) = P(log \) + ﬂ, (Zarankiewicz, 1934)
w1

where 71 = ((w1) and the Weierstrass elliptic function ¢ is
determined by

¢ =P, ()= +0()).

Zeros of Kp: h has two zeros in {r? < |\| < 1} (for every
r) (Rosenthal, 1969).

Proof: P attains every value of C twice in
{2tw1 + 2swq : s,t € 10,1)}.



I1l. For any bounded Q2 C C
_ 29°Gg
7 0z0w’

where Gq(+,w) is the (negative) Green function.

Kq (Schiffer),

If p: A — Qs a covering then for any \g € p~!(w)
Ga(z,w)= Y Ga(Xo,p) (Myrberg, 1933).
nep~1(z)

If U is a neighb. of w and Vj are s.th. p~1(U) = U V;
and ply, — U are biholomorphic, then for ¢; := (p|y,) ™"

N e | Pi) — wo(w)
Golent) = 28 |
2 (2)eh(w)
Ko(z,w) =7 J .
o) ;(1—%‘(2)@0(10))2



ForQ=P

1
p(¢) = exp <kfirLog <11J12>> ,

ewi(Log z+2jmi)/logr __ i

pi(2) = orillog sz e g0 ) © Z.
Therefore
2 f]( )
h(\) = —

N = o L T L0

where (0L + 9jmi)
mi(Log z + 2jmi
fi(z) =exp )

logr



We will get

2 2j+1
™ q
h(—r) = — 57 >0
112 )
log”r = (1+q%+1)
2 2j+1
™ q
h(—r?) = h(-1) = —— . <0
_ +1)2
log™r <= (1 —¢¥*1)

where ¢ = e /logr < 1.

Theorem. h has exactly two zeros in {r? < |\| < 1}: one
on the interval (—1, —7) and one on (-7, —12).



Suita Conjecture (1972): For 2 CC C we have
) < tKq(z, 2),
where ¥ (w) := lim (Gq(z,w) — log |z — w|) (Robin f.)
Another formuIaZtTE)ur)l: since
Kq(z,2) = %@bzz (Suita, 1972),

we have

Suita Conjecture < e < V5 & Ke¢|dz| < —1.
Slightly more general statement would be:

K v|4,| satisfies the maximum principle.

Ohsawa, 1995: €% < 75015
B., 2007: e2¥ < 2,5
Guan-Zhou-Zhu, 2011: ¥ < 1.954...,5



Suita, 1972: €*¥ < ), for Q = P

Sketch of proof:
One can show that ¢ (z) = y(t), where t = —2log |z|,

1) = 52+ 5 ~loga(t)

¢ =11 /w1, and the Weierstrass elliptic function o is

determined by o’/ = ¢, 0(2) = z + O(|z|?). Then
V.z(2) = ey (t) = e (P(t) + ¢).

Set

(5

o2
= log(P +¢) + 2log o — ct?.
Have to show that F' > 0 on (0, 2w ).

Fi=log(=Kev4,) = log



F =1log(P +¢) +2logo — ct?.
We have F'(2w; —t) = F(t), F(0) = F'(0) = F'(w1) =0
and F(w1) > 0. Key: differential equation for P

(P")? = 4P% — goP — g3,

where
1 1
g2 = 60 Z o gz = 140 Z 6

wEA wEA
Therefore

P — b(P+c)—a

(P+c)? 7

where

a=—4¢ + cgo — g3 > 0, b:g2—2—602>0,

and F” vanishes exactly once in (0,w1) and thus F' > 0.



K

e

Y|dz| forr =e~
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Curvature of the “Bergman” metric Kp(z, z)|dz|?

(log wz,%)zf Q oP

R1 — 2K1/ng|dz|2 = — - —

P,z (73 + 0)3’

where
Q(z) =2(z + 6)3 +b(z +¢) —a.
Therefore ob(P 5
c) — 3a
R/1 _ %p’_
(P+c¢)
5 //’/1‘_0\\ 1‘5 20
-05F / \
—10f // \\
-15f / \
/ \
—20 ’/’ \\ -
\
_30f / \\\ ,/‘,
_ast \v \v/ r— e—10




Curvature of the Bergman metric (log Kp(z, 2)).z|dz|?

(log(log wzi)zé)zé
=2K . = —
R (T
Since ¥,z = (P + c)e!, we can compute that
SoP
Ry =2 — R
2 (P +c¢) QoP)

where
S(y — ¢) = 24y°® + 60by* — 96(a + be)y® + 6(36ac — b*)y?
+ 24aby — 12a® 4 b + 12abe.

Then WoP
;o 3 © /
Rz—(P+C) 4(@07))47)’

where W is a polynomial of degree 7.



W(y — ¢) = — 36a® + 3ab® + 36a*bc 4 96aby — 54ab*y*
+1080a2cy® — 720a%y> + 24b%y> — 864abey>
+ 948aby? + 288b%cy? — 288b%y° + 1728acy®
— 360ay® — 576bcy® + 96by”

Proposition. W (P(w1)) >0
Conjecture. W(P(w1/2)) <0






