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ON REGULARIZATION OF PLURISUBHARMONIC FUNCTIONS
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(Communicated by Mei-Chi Shaw)

Abstract. We study the question of when a γ-plurisubharmonic function on
a complex manifold, where γ is a fixed (1, 1)-form, can be approximated by
a decreasing sequence of smooth γ-plurisubharmonic functions. We show in
particular that it is always possible in the compact Kähler case.

1. Introduction

Let M be a complex manifold. Recall that a function ϕ : M → R∪{−∞} is called
quasi-plurisubharmonic if it can be locally written as a sum of a plurisubharmonic
and a smooth function. For a continuous (1, 1)-form γ on M by PSH(M, γ) we will
denote the class of quasi-plurisubharmonic functions ϕ on M such that ddcϕ+γ ≥ 0.
Note that constants belong to PSH(M, γ) if γ ≥ 0. On the other hand, the class
PSH(M, γ) is always closed under the operations of maximum and regularized
maximum (see e.g. Lemma I-5.18 in [3]).

Classes of γ-plurisubharmonic functions on manifolds appear in various geomet-
ric problems (see e.g. [12] or [10]). The case of a compact Kähler manifold (M, ω) is
especially interesting. Guedj and Zeriahi [6] used complicated methods developed
by Demailly (see [2], [4], [5]) to show that such an approximation is possible when
M admits a positive holomorphic line bundle.

We will show that in the arbitrary compact Kähler case such an approximation
is possible without any loss of positivity. This implies in particular that the as-
sumption in [7], that the form is Hodge, is superfluous. More generally, we will
prove the following.

Theorem 1. Let ω be a positive continuous (1, 1)-form on a compact manifold M .
Then for every ϕ ∈ PSH(M, ω) there exists a sequence ϕj ∈ PSH(M, ω)∩C∞(M)
decreasing to ϕ.

Theorem 1 will be an easy consequence of the following result which can in fact
be deduced from Theorem 2.3 in [5] or Theorem 3.2 in [4] (and their proofs).

Theorem 2. Let M be a complex manifold with a positive hermitian form ω.
Assume that γ is a continuous (1, 1)-form on M and let ϕ ∈ PSH(M, γ) be such
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that the Lelong number νϕ(z) = 0 for all z ∈ M (this is, for example, the case
when ϕ is locally bounded). Then for every open M ′ ⊂ M we can find εj ↓ 0 and
ϕj ∈ PSH(M ′, γ + εjω) ∩ C∞(M ′) decreasing to ϕ in M ′.

Proof of Theorem 1. Without loss of generality we may assume that ϕ ≤ −1. Since
ω is positive, we have a sequence max{ϕ,−j} ∈ PSH(M, ω) ∩ L∞(M) decreasing
to ϕ. We may thus also assume that ϕ is bounded. By Theorem 2 we can then find
λj ↓ 1 and negative ψj ∈ PSH(M, λjω)∩C∞(M) decreasing to ϕ (note that since
M is compact we may take M ′ = M in Theorem 2). Then one can easily check
that ϕj := ψj/λj ∈ PSH(M, ω) ∩ C∞(M) is a sequence decreasing to ϕ. �

In fact, Theorem 2 is only a very special case of Theorem 3.2 in [4]. The meth-
ods used to prove this result, developed originally in [2], are rather complicated.
They involve local approximation of plurisubharmonic functions by holomorphic
functions from weighted Bergman spaces and use in particular the Hörmander and
Ohsawa-Takegoshi L2-estimates for the ∂-operator (in [6] this method is applied
globally for sections of a positive holomorphic line bundle). On the other hand,
if ϕ is continuous, then approximation by smooth functions is easy (see [11] and
Lemma 2.15 in [2]). Moreover, this method of gluing functions from different charts
also works if the local approximating sequences are arbitrarily uniformly close to
each other on intersection of charts. We show that this is the case for standard
regularizations of plurisubharmonic functions provided that the Lelong numbers
vanish (see Lemma 4 below). Thanks to this we obtain a simple, elementary proof
of Theorem 2 (and thus of Theorem 1).

The assumption on the vanishing of the Lelong numbers in Theorem 2 is nec-
essary. To show this we will more closely analyze an example from [6]: let π :
M → C2 be the blow-up of C2 at the origin. One can then show that there
exists a smooth form γ on M such that π∗γ = −ddc log |z| in C2 \ {0} (in fact
γ = [E]−π∗ddc log |z|, where [E] is the current of integration along the exceptional
divisor E := π−1(0)). Moreover, there is uniquely defined Kähler form ω on M
such that π∗ω = ddc(|z|2 + log |z|) in C2 \ {0}. Then, if ϕ ∈ PSH(U, γ + εω),
where U is a neighborhood of E, it follows that ϕ ◦ π−1 + ε|z|2 − (1 − ε) log |z| is
plurisubharmonic in π(U) \ {0}, in particular it is bounded above near the origin.
We conclude that ϕ cannot be locally bounded if ε < 1.

One of possible applications of Theorem 1 is a comparison principle for the com-
plex Monge-Ampère operator. For continuous functions the proof of the following
result is quite simple (see [9]) and in the general case, using Theorem 1, one can
essentially repeat the original proof from [1] for domains in Cn.

Theorem 3. For ϕ, ψ ∈ PSH(M, ω)∩L∞(M), where (M, ω) is a compact Kähler
manifold, one has ∫

{ϕ<ψ}
(ddcψ + ω)n ≤

∫
{ϕ<ψ}

(ddcϕ + ω)n.

2. Proof of Theorem 2

We are now going to prove Theorem 2 using much simpler methods than in [2]
(but of course we also get much less than in [2]). In the flat case we have the
standard smooth regularization by convolution: if ρ(z) = ρ̂(|z|) ∈ C∞

0 (Cn) is such
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that ρ̂ ≥ 0, ρ̂(r) = 0 for r ≥ 1,
∫

Cn ρ dλ = 1, ρδ(z) := δ−2nρ(z/δ) for δ > 0, we set

uδ(z) = (u ∗ ρδ)(z) =
∫

u(z − δw)ρ(w)dλ(w).

Then, if u plurisubharmonic, uδ is decreasing to u as δ ↓ 0. On the other hand, if
u is continuous, then uδ → u locally uniformly.

The following lemma will be crucial.

Lemma 4. Assume that U, V ⊂ Cn are open and let F : U → V be a biholomorphic
mapping. Let u ∈ PSH(U) be such that νu(z) = 0 for all z ∈ U . Define uF

δ :=
(u ◦ F−1)δ ◦ F . Then uδ − uF

δ tends locally uniformly to 0 as δ → 0.

Proof. We will first prove it for a different kind of approximation:

ûδ(z) := max
B(z,δ)

u.

If u is plurisubharmonic, then ûδ(z) is logarithmically convex in δ, and from this
we can easily deduce that ûδ is continuous, plurisubharmonic in Uδ := {z ∈ U :
B(z, δ) ⊂ U} and decreases to u as δ ↓ 0. If for example a ≥ 1, then for a fixed
r > 0 and δ sufficiently small by the logarithmic convexity

0 ≤ ûaδ − ûδ ≤ log a

log(r/δ)
(ûr − ûδ).

This implies that if the Lelong numbers vanish, then for any positive constant a we
have locally uniform convergence

(1) ûaδ − ûδ → 0

as δ → 0.
We also set

ûF
δ := ̂(u ◦ F−1)δ ◦ F,

that is,
ûF

δ (z) = max
F−1(B(F (z),δ))

u.

For a fixed K ⊂ U we can find A > 1 such that for z ∈ K and δ sufficiently small

B(F (z), δ) ⊂ F (B(z, Aδ)), F (B(z, δ)) ⊂ B(F (z), Aδ).

Then on K we have ûF
δ ≤ ûAδ, ûδ ≤ ûF

Aδ, and combining this with (1) we get that
ûF

δ − ûδ tends locally uniformly to 0. To complete the proof it is enough to use the
following lemma. �

Lemma 5. Assume that u ∈ PSH(U) is such that νu(z) = 0 for every z ∈ U .
Then ûδ − uδ → 0 locally uniformly in U as δ → 0.

Proof. Consider another regularization in terms of spherical means:

ũδ(z) :=
1

σ(∂B(z, δ))

∫
∂B(z,δ)

u dσ,

where dσ is the area measure on ∂B(z, δ). It is known that ũδ(z) is increasing and
logarithmically convex in δ. We have uδ ≤ ũδ ≤ ûδ and

uδ(z) =
∫ 1

0

ũtδ(z)ρ̃(t)dt,
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where
ρ̃(t) = σ(∂B(0, 1))t2n−1ρ̂(t)

(so that in particular
∫ 1

0
ρ̃(t)dt = 1). Using the Poisson kernel for subharmonic

functions one can show (see e.g. [8]) that

0 ≤ ûδ − ũδ ≤ 32n−1

22n−2
(ûδ − ûδ/2).

Since the Lelong numbers vanish, by (1) we get ûδ − ũδ → 0 locally uniformly.
Finally, using logarithmic convexity, for some fixed r > 0 and δ small enough we
have

0 ≤ ũδ − uδ =
∫ 1

0

(ũδ − ũtδ)ρ̃(t)dt ≤
∫ 1

0

log(1/t)
log(r/tδ)

(ũr − ũtδ)ρ̂(t)dt.

Again, similarly as before, we conclude that ũδ − uδ → 0 locally uniformly. �

Remark. The assumption on the vanishing of the Lelong numbers in Lemmas 4
and 5 is necessary: if for example u(z) = log |z| and F (z) = az, then ûδ(0) = log δ,
ûF

δ (0) = log δ − log |a|, uδ(0) = log δ +
∫ 1

0
ρ̂(t) log t dt, and uF

δ (0) = uδ(0) − log |a|.

Proof of Theorem 2. Fix ε > 0. We can then find a finite number of charts Vα ⊂ Uα

such that {Vα} is a covering of M ′ and

(2) 0 ≤ ddcfα − γ ≤ εω in Uα

for some smooth functions fα in Uα. Then uα := ϕ + fα is plurisubharmonic in
Uα, and, if by uF

α,δ we denote the regularization of uα in Uβ , then by Lemma 4

(3) uα,δ − uβ,δ = uα,δ − uF
α,δ + (uα − uβ)F

δ → fα − fβ

locally uniformly in Uα∩Uβ as δ → 0. Let ηα be smooth in Uα and such that ηα = 0
in Vα and ηα = −1 away from a compact subset of Uα. We have ddcηα ≥ −Cω for
some constant C (depending on ε). Set

ϕδ = max
α

(uα,δ − fα + εηα/C).

By (3), if δ is sufficiently small, the values on the sets {ηα = −1} do not contribute
to the maximum, and thus ϕδ is continuous. If we consider regularized maximum
instead of maximum in the above definition we can get smooth ϕδ. Using (2) we
obtain ϕδ ∈ PSH(M ′, γ +2εω). It also clear that ϕδ decreases to ϕ as δ ↓ 0. From
this we will easily find εj ↓ 0 and ϕj ∈ PSH(M ′, γ + εjω)∩C∞(M ′) decreasing to
ϕ. �
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