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ON THE FUNDAMENTAL SOLUTION FOR THE
REAL MONGE-AMPERE OPERATOR

ZBIGNIEW BLOCKI' and JOHAN THORBIORNSON

1. Abstract.

We discuss the basic properties of the fundamental solution for the real Monge-Ampére op-
erator, like continuity and symmetry. We also give formulas for the solution in the unit ball and
product domains.

Introduction.

For smooth convex functions u the Monge-Ampeére operator is defined by

&u
Mu = det (8xj8xk) .

It turns out that one can well define Mu to be a nonnegative Borel measure
for an arbitrary convex function u. There are at least two different but
equivalent ways of doing it. The first one is the geometric approach which
was developped by Alexandrov and Bakelman in the 50’s and 60’s. The
starting point is the following observation: if u is smooth and strictly convex
in a convex domain {2 then

82

(0.1) / det< ! >d/\ = A(Vu(E)), E Borel subset of £,
E O0x;0xy

where A is the n-dimensional Lebesgue measure. Now one defines the right

hand-side of (0.1) for an arbitrary convex function u. The gradient image of

a point xg € {2 is the set of all p € R"” with

u(xp) + (x — x0,p) <u(x), xef

(Here (-,-) denotes the scalar product in R".) In fact the equation
v =u(xo) + (x — xo,p) defines a supporting hyperplane to the graph of u at
xo and it is obvious that if u is smooth at x; then the gradient image of xj
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consists of exactly one point Vu(xy). Now we can define Vu(E), the gradient
image of the set E, to be the union of the gradient images of all points be-
longing to E. By a theorem of Alexandrov the set of points which belong to
the gradient image of more than one point of 2 has Lebesgue measure zero
which means that the union is almost disjoint. One shows that
Mu(E) := M(Vu(E)) is a Borel measure (see [13] for the details). The second
way to define Mu is to use the theory of the complex Monge-Ampere op-
erator. The latter one is defined by

Mo e dot [T
cii=ae 8zj82k

if u is a smooth plurisubharmonic (psh) function in an open subset of C”.
There is no counterpart of (0.1) in the complex case. However, as shown by
Bedford and Taylor [2] (see also [11]), M.u can be defined as a nonnegative
Borel measure for all continuous psh functions in such a way that M u;
converges weakly to M_.u if u; converges uniformly to u. This determines M. u
uniquely since every continuous psh function can be locally uniformly ap-
proximated by smooth psh functions. Now if u is convex in {2 C R" then it
can be regarded as a psh function of 24 iR" C C". Then one can easily show
that M.u defines a measure in {2 which is actually 4" Mu (see also [13]).

If 2 is a bounded domain in R" then it is natural to consider the following
Dirichlet problem

u € CVX(2) N C(0)
(0.2) Mu=p
uly, =1.

Here 4 is a nonnegative Borel measure in {2 and f* € C(942). The uniqueness
of (0.2) follows from the following comparison principle: if
u,v € CVX(2) N C(R) are such that Mu > My in 2 and u <v on 912 then
u < v on £2. On the other hand (0.2) has a solution if {2 is strictly convex and
u(£2) < oo (we refer to [13] for the details). This can be used to show that
(0.2) has a unique solution if {2 is just convex, p({2) < oo and f = 0 (see [3],
Theorem 4.1).

The aim of this paper is to study the fundamental solution of the Monge-
Ampere operator M. Let {2 be bounded and convex and take y € £2. Then
there is a unique solution of the following Dirichlet problem

u € CVX(02)NC(2)
Mu = o,
g, = 0.

Define go(x,p) := u(x) and ho(y) := gn(y,»). It follows from the comparison
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principle that u is affine along the intervals joining y with the boundary.
Therefore h(y) determines g (-, y) and that is why we are mostly concerned
with the function 4. One can easily show that

(0.3) ga(x,y) = sup{u(x) : u € CVX(£2),u <0,Mu > 6,}.

We may therefore treat g, as a real counterpart of the pluricomplex Green
function defined by Klimek [10]. Demailly [5] proved that the Green function
can be regarded as a fundamental solution for the complex Monge-Ampere
operator M, in the class of hyperconvex domains in C" and it is continuous
there. In section 1 we show this is also the case with g (Theorem 1.5). We
use a method going back to Walsh [14]. The next problem is the symmetry.
As follows from a deep results of Lempert [12] the pluricomplex Green
function is symmetric in convex domains in C" (see also [8]). On the other
hand it need not be symmetric in strictly pseudoconvex domains as shown in
[1]. Somewhat to our surprise it turned out that g, is never symmetric except
the one dimensional case (Theorem 3.1). Finally, in Theorem 4.1 we give a
formula for the fundamental solutions in product domains. The corre-
sponding results in the complex case can be found in [8], [9] and [6].

In fact, similarly as in the complex case, we could use (0.3) as a definition
of g and it would make sense also for nonconvex (2. The following example
shows that in such a case it is not true in general that g, is a restriction of
8 where (2 is the convex hull of 2: let £2 be equal to the unit disc B in R?
minus the triangle with vertices at, say,(1/3,1/3), (1/3,—1/3) and (0,1/2).
Then 2 =B and one can prove that on the triangle with vertices at
(1/3,1/3), (1/3,—1/3) and (0,0) gn(-,0) is affine whereas gz(-,0) is not. A
corresponding example in the complex case can be found in [8], Exercise 5.8.

A few of the results presented below are not new but we include brief
proofs of them in order to be complete. This applies to Proposition 1.1 (its
proof is essentially included in the proof of Lemma 3.5 in [13]), Proposition
3.2 (see for example [7], pp. 23-24) and Theorem 3.4 which can be essentially
found in [4].

The paper was written during the first author’s stay at the Mid Sweden
University in Sundsvall. He is grateful for the hospitality he received there.

1. Continuity.

Throughout this section we assume that 2 is a bounded, convex domain in
R" and write dp(x) := dist(x, 912).
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PrROPOSITION 1.1. For y € (2 we have

endo(y) < Jho(y)| < dy(diam 2)'~"dg(y)'"",
where ¢, and d,, are positive constants depending only on n.

PrOOF. Let A denote the gradient image of the function
u:=|ho()| 'ga(,y) and set r:= dist(y,02), R:=diam £2. In fact, the
graph of u is a cone with basis 2 x {0} with vertex at (y, —1). One can show
that 4 is a convex set containing at least one vector of length 1/r (take a
supporting hyperplane to the epigraph of u along the line segment joining y
with the closest point from 9f2). Moreover

B(0,1/R) C A C B(0,1/r).

Therefore

4

C

< \A4) <
Rr—1p — ( )—rn’

B

where ¢/, and d), are positive constants depending only on n. Now the pro-
position follows since A\(4) = |ho(y)| "
Proposition 1.1 implies in particular that lir%2 ho(y) = 0. Hence it makes
y—d

sense to set go(x,y) :=0if y € 90

PROPOSITION 1.2. For x,y € {2 we have

)] (1= 5221 < lea(w)] < mindlha()]. a0

Proor. For every x,y € {2 one can find P € 9{2 such that x belongs to the
line segment joining y and P. Then

[x — P| Ix =yl

(1) a(v.) = ho(n) = = o) (1 - 22,

This proves the first inequality. It remains to show that |gn(x,y)| < |ho(x)].
To prove it assume that go(x,y) < Ahp(x) for some x,y € 2, 4 > 1 and set
u:=go(-,y),v:=Agn(-,x). Since u = v on 912, u is convex, v is affine on line
segments joining x with the boundary and u(x) < v(x), it follows that u <v
in £2. It is easy to see that the gradient image of u contains the gradient im-
age of v (see [13], Proposition 2.7) and therefore

1=AMmhﬁZAMMmhm=m

which is a contradiction.
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COROLLARY 1.3. Fory € £2, z € 002 and 0 < t < 1 we have

ho(ty + (1 —1)z) < tho(y).

PrOOF. Proposition 1.2 gives

ho(ty + (1 = 1)z) < go(ty + (1 = 1)z,y) = tho(p).

THEOREM 1.4. hy; is locally Hélder continuous in 2 with exponent 1/n.

ProOOF. Fix w € 2 and set r := dp(w). Take y,z € B(w,e), where 0 <e <r
will be determined later. Proposition 1.1 gives

(1.2) ho(x)] < Cdo(x)'", xe 0,
where C := d,(diam £2)' /", For x € 2 define

mx._{nwxm&ﬂx+yzy>Cyz”ﬂ&xny» ifx+y-ze®
ga(x,y) if x+y—z¢ 0,
where a > 0 will be determined later. If x +y — z € 942 then dp(x) < |y — z|
and from Proposition 1.2 and (1.2) it follows that

go(x,y) > ho(x) > —Cly — 2|'" = ago(x +y — z,y) — Cly —2|'/".

This implies that u is convex in (2.
Now we want to find @ > 0 so that

1/n

(1.3) u(x) =ago(x+y—1z,y)—Cly—z| for x near z.

(1.3) will be satisfied exactly if ahg(y) — Cly — z|1/" > gn(y,z). From Propo-

sitions 1.1 and 1.2 we infer

g0, 2)| = Cly = 2" _ ¢ea(do(y) = |y = 2|) = Cly — 2"

lha(y)] B Cdo(y)

Cur — 3e) — C(2e)/" .
SR

If we choose 0 < e < r so that @ > 0 and a > 0 so that a < Q then we get
(1.3). This implies that M(u/a) > 6. and by the comparison principle
u/a < go(-,z). Since u(z) > aho(y) — Cly — z|1/" we arrive at the estimate

¢ n
ha(y) —ha(z) < —ly — 2"

which concludes the proof of Theorem 1.4.
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We conjecture that &g, is convex and smooth in 2.
THEOREM 1.5. g is continuous on 2 x 2

ProOOF. By Propositions 1.1 and 1.2 it is enough to prove the continuity on
2 x . For x,y € {2, x # y, let P = P(x,y) be as in the proof of Proposition
1.2. One can show that P is continuous on 2 x 2\ A, where A is the diag-
onal of 2 x {2. Since hy, is continuous, (1.1) shows immidiately that g, is
continuous on {2 x 2\ A. To show that it is also continuous at some
(70, 30) € A write

lgo(x,y) — go(vo, y0)| =

o) (1= =51 = hatso)

lx — ¥

< Iha(y) = ha(o)l + e )l om0

and the right hand-side obviously converges to zero as x and y tend to yy.

2. The fundamental solution in the unit ball.
In this section we want to compute hg, where B is the unit ball in R".

LEMMA 2.1. Let y € B and set u:= |hp(y)| 'gs(-,y). Then for x € OB we
have
X

1 <xay> '

u extends naturally to a convex function in R", smooth away from the origin.
Y y g

Vu(x)

Proor. By T, denote the tangent hyperplane to 0B at x. Then the sup-
porting function of u at x (that is an affine function whose graph is a sup-
porting hyperplane for the epigraph of u at x) vanishes on 7, and the length
of its gradient is equal to 1/dist(y, 7). Therefore

X X

Vi) = T~ e =

for some x* € Ty. The vector x is perpendicular to T, thus x* =y + ax for
some « > 0. Since (x* — x,x) = 0 it follows that |x* —y| =a =1— (x,)).

LEMMA 2.2. Take 0 <a <1, y:=(0,...,0,a) and let u be as in Lemma 2.1.
Then the gradient image of u is the set of all w = (W, w,) € R" with
‘Wl|2 + (w a )2< !
1—a? "1-a?) T (1-a)
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ProoFr. The boundary of the gradient image of u is equal to the image of
OB by Vu. For x=(x,x,) €0B let w:=Vulx)=x/(1—(x,y)=
x/(1 —ax,) (by Lemma 2.1). Then

|w’\2 +( a )2 |x’|2 N Xy a \?
Wy — = -
1—a? S (1—a)(1 — ax,)? l—ax, 1-—a2

(1—a*)(1 = x2) + (xa(1 = @) —a(1 — axy))

N (1= a2(1 — ax,)’

2

(1-a)
which completes the proof.
THEOREM 2.3. For y € B we have
ha(y) = —b, "1 — [y
where b, is the volume of B.

PrROOF. Let u be as in Lemma 2.1. From Lemma 2.2 it follows that the
volume of the gradient image of u is equal to b,(1 — [y|*)~""V/2. Therefore

= [ MeaCs) = Iha)" | M= b1 = bR gl
and the theorem follows.

3. Symmetry.
The goal of this section is to prove the following

THEOREM 3.1. Let £2 be a nonempty, bounded, convex domain in R". Then
gq is symmetric if and only if n = 1.

Before proving Theorem 3.1 we need some auxiliary results. First consider
the one dimensional case. Let I = (a, b) be an interval in R. We will say that
a function g : I x I—R is an x-cone if for every y € I the function g(-,y) is
continuous on 7, affine on the intervals [a, ], [y,b] and g(a,y) = g(b,y) = 0.
It is obvious that if two x-cones are such that for every y € I there exists
x € I such that they are equal at (x, y) then they are equal everywhere.
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PROPOSITION 3.2. We have

W ifa<x<y<h,
(3.1) gr(x,y) = A
% ifa<y<x<b.

In particular gy is symmetric.

Proor. Fix y € I. It is easy to see that the gradient image of the function
hi(v)|”'g1(-,) is equal to [(a— )", (b — y)"']. Therefore

a—>b

R e ey

and

i) - L0 =0

Now the proposition follows since both sides of (3.1) are x-cones equal on
the diagonal of 7 x I.

PropPOSITION 3.3. For an x-cone g the following are equivalent
1) g is symmetric;

il) g(y,y) is a quadratic polynomial vanishing at a and b;

iil) g = cgy for some constant c.

Proor. The implications iii) = i) and iii) = ii) follow from Proposition
3.2. To show the converse ones it is enough to observe that in cases 1) and ii)
all values of g are determined by the value of g at one point (yg, o) € I x I
from the diagonal.

We will also need the following result which says that separate poly-
nomials are polynomials (see [4]).

THEOREM 3.4. Let h be a function defined on a domain D in R" such that for
every x=(x1,...,x,) €D and for every i=1,...,n the function
(X1, ..oy Xicty 'y Xit1, - - -, Xn) 1S a restriction of a polynomial of degree < d.
Then h is a restriction of a polynomial in R" of degree < d.

ProoF. The theorem will easily follow from the following fact which can
be proved by means of the Lagrange interpolation: if each of the sets 4; C R,
i=1,...,n, consists of exactly d + 1 elements and 4 = A; X ... x A, then
the mapping
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(3.2) {polynomials in R" of degree < d} >
p+— p|, € {functions from 4 to R}

is bijective. For we may assume D is a cube (a1,b1) X ... x (ay, by) and take
A; C (a;,b;), i=1,...,n as above. By the inductive arguments we may as-
sume that % is a polynomial in first » — 1 variables. By the surjectivity of the
mapping (3.2) there is a polynomial p such that p =/ on A. From the in-
jectivity of the mapping in R it follows that p=h on
Ay X ... X Ay1 X (an,b,) and from the injectivity in R"! we get p = h on D.

PrOOF OF THEOREM 3.1. Assume that g, is symmetric. From Proposition
3.3 it follows that A, is a quadratic polynomial on every line segment con-
tained in (2. By Theorem 3.4 A, is a restriction of a quadratic polynomial p
in R" and thus 2 = {p < 0}. Since {2 is bounded it follows that there is an
affine isomorphism L of R” mapping (2 onto the unit ball B. It is well-known
and easy to check that for every convex function u in B one has

M(uo L) = |det LI*L* Mu,

where L*Mu is the pullback of the measure Mu by L. Since
L6y = |detL|716y it follows that g, = | det L|7l/”g3 o(L,L). Therefore hp
is a quadratic polynomial and from Theorem 2.3 it follows that n = 1.

4. The product property.
In this section we want to prove the following

THEOREM 4.1. If (2; is a bounded convex domain in R", i = 1,2, then for
X;, i € 2; we have

ny +np

1/(m+n2)
m ) g, ()" gy () 12/ 72

hoyxo,(V1.32) = — (
and

g-Q]XQz((xlaxZ)? (ylay2))
= oy 0,1, y2) | max{ g, ()| 2o, (1, 01), 1hay (2)| ' g0, (32, 2) -

Proor. The second equation follows from the fact that both functions are
affine along line segments joining (y1,y2) with 9(£2; x £2,) and equal at the
endpoints. It remains to prove the first one. By E;, i = 1,2, denote the gra-
dient image of |h9,.(yi)\71 go,(,yi) and by E the gradient image of
|hoyxon 01, 72) ] g0ix0, (-, (1, 2)). From the definition of a gradient image it
follows that
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Ei={p; € R": si(p;) := max(x; — y;, pi) < 1}
XfEQi

and

E={(p1,p2) € R""™ : 51(p1) + s2(p2) < 1}.

(In fact, one can show that E is exactly the convex hull of the set
E; x {0} U {0} x E,, but we will not need this observation later.) By the
Fubini theorem and since s; and s, are homogeneous functions, we have

)\n1+nz(E) :A /\nz({pZ €R™ ZS1(P1) +S2(p2) < 1})d)\n'(p1)
_ /E s (1= 51(p1) E2)d M, (p1)

= A (E2) / (1= s1(p1))"d, (1)
= Mo (E2) M1 ({(p1, 1) € By x [0,1] -0 < (1= s1(p1))"})

= A (E2) / 1 Moy ((1 - tl/”Z)El)dt
0

1 n
0

One can show that

! ! o)
/ (1 _ tl/nz)”ldt _ / nztnz_l(l B t)"'dt _ ny! ny! .
0 0 (n1 + m)!

We have |hg,(yi)] = Ay (E)™" and |hoy o, (v1,32)] = Ay 4n, (E) /") and
this completes the proof.

ADDED IN PROOF. In the article Z. Blocki, Regularity of the fundamental
solution for the Monge-Ampére operator, Pitman Res. Notes Math. Ser. 383,
Progress in partial differential equations, Pont-a-Mousson 1997, 1 (1998),
40-45, it was proved in particular that /g, is always smooth and convex.
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