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Abstract. We study the C™! and Lipschitz regularity of the solutions of
the degenerate complex Monge-Ampere equation on compact Kihler man-
ifolds. In particular, in view of the local regularity for the complex Monge-
Ampere equation, the obtained C''! regularity is a generalization of the Yau
theorem which deals with the nondegenerate case.

1. Introduction

Let M be a compact Kdhler manifold of the complex dimension n, n > 2,
with the Kéhler form w. We will say that a function ¢ on M is admissible if
it is upper semi-continuous, locally integrable and such that ddp +w > 0,
where d = 9 + 9 and d° = /—1(0 — 9). The complex Monge-Ampére
equation on M takes the form

(1.1) (dd°p +w)" = fw",

where w” = w A ... A w. We shall normalize ¢ by

(1.2) / o = 0.
M

A necessary condition for f is

(1.3) /fw”—/ w".
M M
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In his famous paper [ Y] Yau proved that for every positive C* function f on
M satisfying (1.3) there exists the unique C*° admissible ¢ satistying (1.1)
and (1.2) (the uniqueness had been earlier shown by Calabi). This result
implies the Calabi conjecture.

The degenerate equation was recently studied by Kotodziej in [K1] and
[K2]. By [BT] it is known that the left hand-side of (1.1) makes sense as a
nonnegative Borel measure for bounded admissible . Throughout the rest
of the paper we will assume that f is a nonnegative function on M satisfying
(1.3) which belongs to L(M) for some ¢ > 1 and that ¢ is a continuous
admissible solution of (1.1)-(1.2). The reason is that in this case, as shown
in [K1], such a solution indeed exists and by [K2] (see also [B2]) it is in fact
unique among all locally bounded admissible functions on M.

In this paper we study the regularity of (1.1) in the degenerate case. We
will say that ¢ is almost C1'! if Ay is bounded. This is equivalent to the
fact that the mixed complex derivatives ;; = 0%p/02;0%; are bounded
for 4,5 = 1,...,n. Every almost CU! function belongs to W2P for all
p < 00, and thus to C1“ for all @ < 1. But it does not necessarily belong
to W2 = Cht,

Our main result is the following:

Theorem 1.1. If fV/("=1) js CV1 then ¢ is almost C'. Moreover, we have

sup |Ap| < C,
M

where C depends only on M and on an upper bound for || /"= || 1.1

The exponent 1/(n—1) appears naturally in the study of the real degener-
ate Monge-Ampere equation, see [G] and [GTW]. Theorem 1.1 generalizes
the Yau theorem in view of the local regularity of the complex Monge-
Ampere equation (see [B1, Theorem 2.6]).

We also get a result on Lipschitz regularity of the solutions of (1.1).
However, we have been able to prove it only if either M has nonnegative
bisectional curvature or ¢ is closed to a constant in the L°° norm:

Theorem 1.2. Assume that M has nonnegative bisectional curvature. If
Y™ s Lipschitz continuous then so is . Moreover,

sup |De| < C,
M

where C depends only on M and on upper bound for || f*/™||co.1.

Theorem 1.3. There exists a positive constant § depending only on M such
that if ||¢||z~ < 6 and f'/" is Lipschitz continuous then o is Lipschitz
continuous. Moreover,

sup |[Dg| < C,

M
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where C' depends only on M and on an upper bound for || f*/™||co.1.

By [K2, Corollary 4.4] it follows that there exists another positive con-
stant §’ depending only on M such thatif ||f — 1||;1 < ¢’ then ||¢||p~ < 0.

The proofs of Theorems 1.1-1.3 will proceed as follows. First, smoothing
f in aright way and using the stability result from [K2] (or another one from
[B2]) we reduce the problem to proving the estimate in the case when f > 0
and f is C*°. In such a case the Yau theorem implies that ¢ must be C'*°.
When showing these estimates we will use the following L*°-estimate for
the solutions of (1.1)-(1.2) (see [K1] or [T, p.49-51]):

1.4) llollree < C,

where C depends only on M and on || f|| .

2. Preliminaries

By c1, 3, . . . we will denote positive constants depending only on M. Since
dw = 0, it follows that locally there exists a smooth plurisubharmonic
function g with w = dd°g = 24/—109g. Then

w = QZgij\/—ldzi Ndz;.
1,]

We can find a finite number of coordinate systems covering M where such
a g exists,

1
2.1 =) > (6
( ) (g2]) = Cl( J)
and
2.2) lglloss = 3 [1DFgllz < co.
0<k<4

In what follows we will only use this finite number of charts and there we will
always choose orthonormal coordinates, so that in particular the inequalities
(2.1) and (2.2) will not be affected.

The condition that ¢ is admissible reads that the function

ui=p+g

is plurisubharmonic. We will say that ¢ is strongly admissible if there exists
€ > 0 such that dd°p +w > ew. This is of course equivalent to the fact that
u is strongly plurisubharmonic. If ¢ is in addition smooth then the equation
(1.1) takes the form

det(u;;) = f det(g;5)-
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Differentiating it with respect to z, and z, gives

(2.3) uu;, = (log f), + (log det(g;;))y,

(24) u”uﬁpq (log f)pq (10g det(gzj))pq + u U j“l]p“qu?

where (u7) denotes the inverse transposed matrix of (u;3).

When proving an a priori estimate by C'1, Cs, . . . we will denote constants
that depend only on the desired quantities and will say that they are under
control.

3. The C'! regularity

Proof of Theorem 1.1. The partition of unity gives a finite number of smooth
functions {7*} on M such that 3", 7% = 1,0 < 4 < 1, and the support of
every 7y is contained in a chart. For ¢ > 0 set

ge = (%f””“”) «pf +e,

k

where p¥ is a standard regularizing kernel in a chart. We can find suitable
constants . such that the functions

fe = pegl™ !
are positive, C'*°, satisfy (1.2), tend uniformly to f and
12/ V] gar < Cr.

Now, if . are the corresponding solutions of (1.1) given by the Yau theorem,
then [K2, Corollary 4.4] implies that ¢, — ¢ uniformly as € — 0 (by [B2,
Theorem 3] we have the convergence in L?™ ("~1) which is also sufficient).
We may therefore assume that ¢ is C*° and strongly admissible.
Note that 1
= n

Ap = 59”%’3 -7y
and it is therefore enough to estimate Ay from above. Denote G := (g;5),
U := (u;5) and set

Vi=GPUGT2
Then V is a positive hermitian matrix and one can easily show that the
eigenvalues of V' do not depend on the choice of holomorphic coordinates

and thus they are the same in every chart. By A\, (V') denote the maximal
eigenvalue of V. Set

a :=log Apaz (V) — .
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The function « is continuous on M and thus attains maximum at some
O € M. We have

Anaa(V) = max {TVC e f¢) =1}
— max {ZTUg L CeCn T ae = |GV = 1}
:max{uCC_:CEC”\{O}},
9¢C

where u:z = ue = >4, wijGiC - There exists w € C" with |w| = 1
such that
uww(O)

Juw(0)
We may assume that at O U is diagonal and w7 > ug5 > ... > Upg.
In a neighborhood of O define

Amaw(V(O)) =

= lOg M - AQO,
Guww
where A will be specified later. We have @ < o < a(0) = a(0), so that &
also has a maximum at O and thus for p = 1, ..., n we have there
o _ 12 o _ 12
0> d, = Uwiwpp |uw2wp| _ Guwwpp + |9w2wp| — Apyp.
U Www Juw W
Hence by (2.4)
0> % _ (log f)wu’) + (log det(gpf?))ww
Upp U Ui
p
1 Uwpa|? U
NI Z [tz
Uwa 2 uppuqq Usyi Upp
Z Juwwpp + > Z ‘gwwp| +AZ gpp _
Upp Jww Upp Upp

We shall now use an idea from the proof of [GTW, Lemma 2.1]. We will
need an elementary lemma:

Lemma3.1. Let §2 be a domainin R™ and let 1) € C11(£2) be nonnegative.
Then /¢ € CY1(£2) and

|DY(x)] 14 supg Amaz(D?3))
(DV)(@)] < max { 2dist(z, 942)° 2 }

for almost all x € ().
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Proof. We may assume thatt) > 0 and that g is smooth. Setr := dist(x, 012).
If () > r2 then
[D(z)| _ |DY(z)]
(V@)= o< P

We may thus assume that 1(z) < r2. For fixed ¢ € R™ with |[¢| = 1 and
t € Rwith [¢t] < \/rset h(t) := ¢ (x + t{). We may assume that h’(0) < 0
(otherwise consider —( instead of ). Set y := /¢ (x) = \/h(0). Then

0 < h(y) =vy*+ /Oy R (t)dt

We can thus find ¢ € [0, y| such that 2'(t) > —h(0)/y = —y. There exists
s € [0, t] with

m$%zﬂ@;ﬁmnzlﬁf)
Therefore
(Dev/4) ()] = 2“\1/’% 1 +g,,(8)
and the lemma follows. D

Remark. One cannot expect that /1) € C%1(§2) in the assertion of Lemma
3.1. For let for example (2 be the interval (0, 1) in R and ¢(z) =

Proof of Theorem 1.1 continued. Denoting f := %=1 by Lemma 3.1
we get

(3.1 (log fww = (n—1) <fww — ’fw’2> > —C;

;R 7
By (2.1) and (2.2)

Uww Guww » Upp » Upp
c3
>- Bt )Y =Y —
Ui Z upp Uy Z Upp

if we choose A := 2¢;¢4. From (2.1), the inequality between geometric and
arithmetic means and since w5 < w7 at O, we also obtain

1/(n-1)

1 n—1 u, 2
(3.3) 4 E — 2>y >
— Upp (Ug3 - - - Upp )/ (0=1) csf
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The Schwartz inequality for every p gives

Uu
‘uwwp|2 < Ui Z Mj

7 Uaq
thus
1 Upa|? 1 U 2
0 Dk etk D e
ww 7 Upptlqg Uy 75 27
Combining (3.2)—(3.5) and multiplying (3.1) by c5 f Uy WE get
UV — Cytig — Ca <0

at O. Therefore w5 < C5 at O and by (1.4)
< a <
maxa < a(0) < Cg

from which the theorem easily follows. a

4. The Lipschitz regularity

Proof of Theorem 1.3. By a similar argument as at the beginning of the proof
of Theorem 1.1 we may assume that ¢ is C'*° and strongly admissible. Set
s:=||e||L~ and 4

T ot2s

where -

= |Dol* = g7 pitp;
and a > 1 will be specified later. The function « attains its maximum at
some O € M. We may assume that the matrix (u;;) is diagonal at O. At O
we haveforp=1,...,n

a8, ey

4.1 0= =

( ) ap Q0+23 (S0+23)27

and, by (4.1),

42) 0>y, aB*  Bp B (a—1)5ppl
= ©+2s (p +2s)? a(p + 2s)3

We have

4.3) Bos = (97)pppitv; + 2 Re((97)ppinei) + 2 Re((97)ppipsp)
+ 2 Re(9” 0ipp03) + 97 0ipe5, + 97 Cineip

- 1 -
> —ce + 2 Re(g" pippip3) + ;79” PipPip
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by (2.1) and (2.2). From (2.3) we get

4 4)2 90””’% > —cs\/B (1 +[V(og )|+ u1> :
P pp

Note that, by the inequality between arithmetic and geometric means,

4.5) [D(log f)| < [D(f/™) |Zf
Upp
Moreover,
9" ‘plp‘pjp_ pp, 4 9\ _ >l —
(4.6) Z =2 (g tp+ L2 | = 2n2 - Au—2n.
P

We also have

5 1 1
@.7) R D P
p Urp €1 Upp
and
|‘P;D|2 B
4.8 >
45 Zp: upp  cl0du
Since

Au (a —1)3? S Vva—18

crcg  c10a?(p +28)2Au T cra(e 4 2s)
Combining (4.2)—(4.9) we get

0> @4‘23204;7;7

4.9)

—aﬁa—l upp
1 va—10
> —cgf — —cgvpB 1+ C
6 zp:upp 8\/( 1%: p) Clla(g@—}—zs)
2n 1 1
4.10 -t | — —
a2 (I ),
If we now choose a so that
va—1
2n
C11
and 9 so small that 1
—cg>1
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then
1
(ﬁ-cgcl\/g)szr*—Cs\/B—* <0.
p
Therefore 5 < Cj5 at O and the theorem follows. O

Proof of Theorem 1.2. The proof is almost the same to the proof of Theorem
1.3. To improve (4.3) we compute

9)pp = ~9" 9" g5 + 99" 6" 91,9555 + 9" 9" 97 911,951
= g"g" Ry + 979 9% 911,957

Therefore the nonnegative bisectional curvature implies that

(gij)pﬁ%(ﬂj >0
and we may assume that cg = 0 in (4.3) and thus also in (4.10). By (1.4) we
have s < C4. Hence

B \/ - 10 2n
<3c1(}'4a_6801 )Z + o= —cV/B——<0.

30110 a (&rd

It now suffices to choose an arbitrary a > 1 to get the required estimate. O
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